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Published in 2009 

“Isogeometric analysis: CAD, finite elements, NURBS, 
exact geometry and mesh refinement”  

 
T.J.R. Hughes, J.A. Cottrell, Y. Bazilevs  

 
Computer Methods in Applied Mechanics and 

Engineering 
 

Volume 194, Pages 4135-4195 (Oct. 1, 2005) 
 
 

Impact: 
 
•  Still the most downloaded CMAME paper 

•  Google Scholar:       2239 total, 443 last year (July 24, 2016) 

•  Thomson Reuters:   1088 total, 262 last year (July 24, 2016) 
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“Isogeometric Analysis Special Issue” 
 

Computer Methods in Applied Mechanics and 
Engineering 

 
Volume 284, Pages 1-1182 (1 February 2015) 

 
44 papers 

Isogeometric Analysis Source Material 
•  The USACM has just recently built an IGA website:   http://iga.usacm.org/   

Here is the information available at it:  Organization, Archives, Events, 
Publications, Software, External Links, Jobs, Current Members, 
Membership Application. 

•  For other links to available software, enter “Isogeometric Analysis Software” 
in Google.  The Wikipedia article on Isogeometric Analysis also has several 
links for software.   

•  The literature is already very large and too much to read.  Papers can be 
found by entering “Isogeometric Analysis” in Google Scholar or Thomson 
Reuters Web of Science.  The original 2005 paper and the 2009 book are 
still good places to start, although dated.  The Isogeometric AnalysisSpecial 
Issue in CMAME published in February 2015 contains more up-to-date 
contributions.  A lot has gone on recently, and the grapevine has it that 
there are some very important developments in the works, so stay tuned. 

•  My webpage has a linked list to all my archival journal publications, starting 
with the most recent.  It is presently up to date through July 2015.  Since the 
publication of my first paper on Isogeometric Analysis in 2005, almost all my 
papers have dealt with it to some degree.  There are also instructions on 
how to obtain my ICES reports, which precede publication by a year or two, 
typically.  These are preprints and do not include revisions that appear in 
the peer reviewed archival versions.  Here is the link to my webpage  
http://users.ices.utexas.edu/~hughes/ 

 
•  Other sources of my papers are Web of Science and Google Scholar.  Be 

sure to enter “Hughes TJR” because there are many people with the 
surname “Hughes” but there seems to be only one “TJR”. 

Young IGA Group Member Awards since 2010 
(page 1)  

Yuri Bazilevs: 
- 2015 ISI Highly Cited Researcher 
- 2015 Fellow (IACM) 
- 2014 ISI Highly Cited Researcher 
- 2012 TJR Hughes Young Investigator Award (AMD-ASME) 
- 2011 RH Gallagher Young Investigator Award (USACM) 
- 2011 NSF CAREER Award 
- 2010 IACM Young Investigator Award 
 
Victor Calo: 
- 2015 ISI Highly Cited Researcher 
- 2014 ISI Highly Cited Researcher 
 
J. Austin Cottrell: 
- 2015 ISI Highly Cited Researcher 
- 2014 ISI Highly Cited Researcher 
 
Alessandro Reali: 
- 2016 IACM Fellows Award 
- 2015 ISI Highly Cited Researcher 
- 2015 TUM-IAS Hans Fischer Fellowship 
- 2014 JH Argyris Award (IACM) 
- 2014 ISI Highly Cited Researcher 
- 2013 AIMETA Junior Prize for Mechanics of Solids and Structures:  Awarded, on a biennial basis, by the Italian Association of 
Theoretical and Applied Mechanics (AIMETA) to young (i.e., under 40) Italian scientists for outstanding research results concerning 
one of the Association scientific areas. 
- 2012 OC Zienkiewicz Award:  Awarded, on a biennial basis, by the European Community on Computational Methods in Applied 
Sciences (ECCOMAS) to the best young (i.e., under 40) scientist in the field of Computational Engineering Sciences. 
- 2010 ERC Starting Grant 

Young IGA Group Member Awards since 2010 
(page 2)  

Maytee Vipavayangku Chantharayukhont: 
- 2015 ASE - EM Faculty Endowed Scholarship 
- 2015 Graham F. Carey Undergraduate Scholarship 
- 2015 Unrestricted UT Endowed Presidential Scholarship 
- 2014 James E. Nugent Family Endowed Scholarship 
- 2013 Russell U. Smith Family Endowed Scholarship 
- 2012 Dowell Vann Allen Memorial Endowed Scholarship in Engineering 
 
Laura De Lorenzis: 
- 2011 AIMETA Junior Prize for Structural Mechanics:  Awarded, on a biennial basis, by the Italian Association of Theoretical and 
Applied Mechanics (AIMETA) to young (i.e., under 40) Italian scientists for outstanding research results concerning one of the 
Association scientific areas. 
- 2011 ERC Starting Grant 
  
Hector Gomez: 
- 2012 JC Simo Young Investigator Award (SEMNI, Spain) 
- 2012 ERC Starting Grant 
  
Ming-Chen Hsu 
- 2013 Chancellor's Dissertation Medal (UCSD) 
 
Josef Kiendl 
 
 - - 2016 GAMM Richard Von Mises Prize 
 
Ju Liu: 
- 2013 Ju Liu won the 24th Robert J. Melosh Medal competition held at the Duke University. The Robert J. Melosh Medal Competition 
was inaugurated in 1989 by the Department of Civil and Environmental Engineering at Duke University to honor Professor Melosh, a 
pioneering researcher in finite element methods and former chairman of civil and environmental engineering at Duke. 

Young IGA Group Member Awards since 2010 
(page 3)  

Simone Morganti: 
- 2012 PhD Olympiad Winner (ECCOMAS) 
 
Giancarlo Sangalli 
- 2013 ERC Consolidator Grant 
 
Dominik Schillinger: 
- 2015 Richard von Mises Prize (International Association of Applied Mathematics and Mechanics, GAMM) 
- 2015 OC Zienkiewicz Medal (Institution of Civil Engineers) 
- 2012 JH Argyris Award (IACM/CMAME) 

Guglielmo Scovazzi: 
- 2014 Department of Energy Career Award 
  
Yongjie (Jessica) Zhang: 
- 2014 Clarence H. Adamson Career Faculty Fellow in Mechanical Engineering (CMU) 
- 2013 Presidential Early Career Award for Scientists and Engineers (PECASE) 
- 2013 RH Gallagher Young Investigator Award (USACM) 
- 2012 NSF CAREER Award 
- 2011 Donald L. and Rhonda Struminger Faculty Fellow in Mechanical Engineering (CMU) 
- 2010 ONR Young Investigator Award 
- 2010 George Tallman Ladd Research Award (CMU College of Engineering) 

The Finite Element Method 
Historical Publication Data 

  
The First 30 Years, 1956-1985 
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Why 1956? 

John Argyris, 1913 – 2004 

Ray Clough, 1920 –  

Number of FE Papers, 
1956-1985 

ISI Thomson-Reuters search   
 

All data bases 
  

Topic:  Finite Element  
 
 
 

 ~260 –– 

1985 1966 

0 papers,  
1956-1963 

1976 

 ~640 –– 

Number of FE Citations, 1956-1985 

 ~550 –– 

1985 1966 

 0 citations, 
1956-1963 

ISI Thomson-Reuters search 
 

All data bases 
  

Topic:  Finite Element 

1976 1956 

 ~3200 –– 

 ~20 __ 

Exponential growth 

Isogeometric Analysis 
Historical Publication Data 

  
The First 10 Years, 2006-2015 

Number of IGA Papers, 2006-2015 

ISI Thomson-Reuters search 
 

All data bases 
  

Topic:  Isogeometric Analysis 
 

Date:  May 14, 2016 
 

 250 ––– 

2015 2006 

1 paper in 2005 

Exponential growth 

Number of IGA Citations, 2006-2015 

ISI Thomson-Reuters search 
 

All data bases 
  

Topic:  Isogeometric Analysis 
 

Date:  May 15, 2016 
 

4736 ––– 

2006 

7 citations in 2006 

Exponential growth 

2015 
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Comparisons are odious* 

•  Papers per year:    
–  IGA 10 years (250) ≈ FEA 20 years (260). 

•  Citations per year:   
–  IGA 10 years (4736) >  FEA 30 years (3200) 

*John Lydgate in his Debate between the horse, goose, and sheep, circa 1440 
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What is driving IGA? 
•  Talented young researchers. 
•  Vision:  If CAGD and FEA can be unified, the impact on the engineering product 

development process will be enormous. 
•  Bézier extraction:  A bijective map between CAGD and FEA representations. 
•  CAGD community:  Analysis-suitable geometry (ASG) is a new direction for 

computational geometry research. 
•  FEA community:  IGA is a finite element method. 
•  “Exact” geometry:  BEM 
•  Smooth basis functions with compact support without derivative degrees of 

freedom   
–  Application to higher-order differential equations. 

•  Maximally smooth (k-refinement) NURBS and T-splines provide robust higher-
order methods. 

•  Exploiting smoothness and positivity leads to unprecedented efficiencies for 
higher-order methods. 

–  Quadrature advances  
•  New paradigm for formation and assembly of Galerkin matrices 

–  Collocation  
•  The ultimate reduced quadrature method 
•  Is collocation the Galerkin method in disguise? 
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Engineering Designs 

Courtesy of General Dynamics / Electric Boat Corporation  

BOEING 777BOEING 777

50,000 HRS50,000 HRS
103,000 PARTS103,000 PARTS
254 TONS254 TONS

AUTOMOBILESAUTOMOBILES

23 HRS23 HRS
3,000 PARTS3,000 PARTS
1.9 TONS1.9 TONS

INCREASINGINCREASING
COMPLEXITYCOMPLEXITY

MANUFACTURING TIME (MONTHS)MANUFACTURING TIME (MONTHS)

MISSILEMISSILE

1,700 HRS1,700 HRS
5,000 PARTS5,000 PARTS
1.6 TONS1.6 TONS

LAND VEHICLELAND VEHICLE

5,500 HRS5,500 HRS
14,000 PARTS14,000 PARTS
65 TONS65 TONS

FIGHTERFIGHTER
  AIRCRAFT  AIRCRAFT

57,000 HRS57,000 HRS
30,000 PARTS30,000 PARTS
10 TONS10 TONS

SSBNSSBN

12,000,000 HRS12,000,000 HRS
1,000,000 PARTS1,000,000 PARTS
18,750 TONS18,750 TONS

Labor Hours WeightParts

SSNSSN

8,000,000 HRS8,000,000 HRS
950,000 PARTS950,000 PARTS
6,900 TONS6,900 TONS

0 10 20 30 40 50 60 70 80

Engineering Analysis Process 
 
•  Finite Element Analysis 

(FEA) models are created 
from CAD representations 

Design Solid Model

Creation and/or Edit

4%

Geometry

Decomposition

32%

Analysis Solid Model

Creation and/or Edit

21%

Meshing

14%

Mesh Manipulation

6%

Assign Model

Parameters

6%

Assemble Simulation

Model

8%

Run Simulation

4%

Post-process

Results

5%

Archive

Artifacts

1%

Start

Stop

(Michael Hardwick and Robert Clay,  
Sandia National Laboratories)  
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(FEA) models are created 
from CAD representations 

•  Fixing CAD geometry and 
creating FEA models 
accounts for more than 80% 
of overall analysis time and 
is a major engineering 
bottleneck 
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Engineering Analysis Process 
 
•  Finite Element Analysis 

(FEA) models are created 
from CAD representations 

•  Fixing CAD geometry and 
creating FEA models 
accounts for more than 80% 
of overall analysis time and 
is a major engineering 
bottleneck 

•  The FEA mesh is also only 
an approximate geometry 

Design Solid Model

Creation and/or Edit

4%

Geometry

Decomposition

32%

Analysis Solid Model

Creation and/or Edit

21%

Meshing

14%

Mesh Manipulation

6%

Assign Model

Parameters

6%

Assemble Simulation

Model

8%

Run Simulation

4%

Post-process

Results

5%

Archive

Artifacts

1%

Start

Stop

(Michael Hardwick and Robert Clay,  
Sandia National Laboratories)  

Shell Geometry 

•  Faceted geometry of 
typical finite element 
meshes introduces 
geometric imperfections 

•  Thin shell structures 
exhibit significant 
imperfection sensitivity 

Gee, Wall and  
Ramm, 2003 

Buckling of 
cylindrical shell with 
random geometric  
imperfections 
(Stanley, 1985) 

Objectives 

Isogeometric Analysis

•  Reconstitute analysis within CAD geometry 
 
•  Simplify analysis model development thereby 

•  Integrate design and analysis 

Isogeometric Analysis 
•  Based on technologies (e.g., NURBS, T-splines, etc.) from 

computational geometry used in: 
–  Design  
–  Animation 
–  Graphic art 
–  Visualization 

•  Includes standard FEA as a special case, but offers other 
possibilities: 
–  Precise and efficient geometric modeling 
–  Simplified mesh refinement 
–  Smooth basis functions with compact support 
–  Superior approximation properties 
–  Integration of design and analysis 
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NURBS 

The Guggenheim Museum, Bilbao, Spain; Gehry Partners, LLP  
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Isogeometric Analysis 
(NURBS, T-Splines, SubD, etc.) 

FEA 
h-, p-refinement

k-refinement

The Creation of IGA* 

Analysis 

Geometry 

*Fresco by Michaelangelo, which forms part of the Sistine Chapel’s ceiling in the Vatican, painted c. 1511-1512.  
 

It illustrates the biblical creation narrative from the Book of Genesis, in which Geometry breathes life into Analysis. 
 

•  Boundary element methods 

•  Rods and beams, plates and shells  
–  w/wo rotational DOF  

•  Solid and structural mechanics 
–  Inf-sup stable spaces   

•  Nearly-incompressible elasticity  

•  Plasticity 

–  Gradient damage models 

–  Contact, sliding w/wo friction  

•  Fluid mechanics and FSI 

•  Biomedical applications  

•  Phase-field methods  
–  Navier-Stokes-Korteweg equations 

–  Fracture 

•  Shape and topology optimization 

•  Integration of modeling and analysis tools  
–  Analysis-suitable surface descriptions,  

      w/wo trim  

–  Analysis-suitable volume parameterizations 

      from CAD surfaces  

•  Design 

Research Progress: 
 

•  Spline spaces 
–  B-splines, NURBS 

–  Subdivision 

–  T-splines, LR B-splines 

–  Hierarchically refined splines 

–  Generalized splines 

•  Efficient local refinement methods 

•  Efficient quadrature  

•  Collocation 

•  Approximation theory!
–  Functional analysis 

•  h,p,k  error estimation 

–  Spectral analysis 

–  Kolmogorov n-widths 

–  Adaptivity  

•  Structure preserving methods 
–  Electromagnetics 

–  Navier-Stokes equations 

•  Immersed boundary methods 

•  Numerical linear algebra 
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•  Boundary element methods 

•  Rods and beams, plates and shells  
–  w/wo rotational DOF  

•  Solid and structural mechanics 
–  Inf-sup stable spaces   

•  Nearly-incompressible elasticity  

•  Plasticity 

–  Gradient damage models 

–  Contact, sliding w/wo friction  

•  Fluid mechanics and FSI 

•  Biomedical applications  

•  Phase-field methods  
–  Navier-Stokes-Korteweg equations 

–  Fracture 

•  Shape and topology optimization 

•  Integration of modeling and analysis tools  
–  Analysis-suitable surface descriptions,  

      w/wo trim  

–  Analysis-suitable volume parameterizations 

      from CAD surfaces  

•  Design 

Research Progress: 
 

•  Spline spaces 
–  B-splines, NURBS 

–  Subdivision 

–  T-splines, LR B-splines 

–  Hierarchically refined splines 

–  Generalized splines 

•  Efficient local refinement methods 

•  Efficient quadrature  

•  Collocation 

•  Approximation theory!
–  Functional analysis 

•  h,p,k  error estimation 

–  Spectral analysis 

–  Kolmogorov n-widths 

–  Adaptivity  

•  Structure preserving methods 
–  Electromagnetics 

–  Navier-Stokes equations 

•  Immersed boundary methods 

•  Numerical linear algebra 

B-Splines 

Key Concepts 

B-spline 
mapping 

The parameter space is local to patches, 
not elements 

x 

y 

z 
Key Concepts 

The knots partition the parameter 
space into elements 

x 

y 

z 

B-spline 
mapping 

B-spline Basis Functions 

Ni,0 (ξ) =
1 if ξi ≤ ξ < ξi+1,
0 otherwise

⎧
⎨
⎩

Ni, p (ξ) =
ξ − ξi

ξi+ p − ξi
Ni, p−1(ξ) +

ξ i+ p+1−ξ
ξi+ p+1 − ξi+1

Ni+1, p−1(ξ)

  

  

B-spline basis functions 
of order 0, 1, 2 for a 
uniform knot vector: 

    Ξ = {0,1,2,3,4,…}

ξ

ξ

ξ

ξ

ξ

ξ

ξ

ξ

ξ
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Quadratic (p=2) basis functions for an  
open, non-uniform knot vector:

Ξ = {0,0,0,1,2,3,4,4,5,5,5}
0,0,0,0,0 1 2,2 3,3,3 4,4,4,4 5,5,5,5,50

1

C -1 C 3 C 2 C 1 C 0 C -1

Quartic B-spline 

•  Knot insertion and its effect on smoothness 

B-spline Curves 
 

•  Given n basis functions and n control points, a 
B-spline curve is given by 

•  Control points are analogues of nodal 
coordinates in FEA 

C(ξ) = Ni, p (ξ)Bi
i=1

n

∑

- control points - knots 

0 

1 

2 
3 

4 
5 

Linear interpolation of control points 
yields the control polygon 

Quadratic basis 

- control points - knots 

0 

1 

2 
3 

4 
5 

h-refined Curve 

0.5 1.5 

2.5 
3.5 

4.5 

Quadratic basis 

- control points - knots 

0 

1 

2 

3 

4 

5 

Further h-refined Curve 

0.5 1.5 

2.5 

3.5 

4.5 

0.25 

0.75 1.25 

1.75 

2.25 

2.75 3.25 

3.75 

4.25 

4.75 

Quadratic basis 
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- control points - knots 

0 

1 

2 
3 

4 
5 

Linear interpolation of control points 
yields the control polygon 

Quadratic basis 

- control points - knots 

0 

1 

2 
3 

4 
5 

Cubic p-refined Curve 

Cubic basis 

- control points - knots 

0 

1 

2 
3 

4 
5 

Quartic p-refined Curve 

Quartic basis 

Non-Uniform Rational B-Splines 

•  NURBS are the most commonly used 
computer aided geometric design 
(CAGD) technology in engineering 

 Circle from 3D Piecewise 
Quadratic Curves 

  
Cw (ξ)

C(ξ)

 3D Projective Control Points 
Yield 2D Control Points 

  

origin
Bi

Bi
w

ω i
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B1

B2

B3

w1 = w3 = 1
w2 = cos( /2)

B1, B9

B2B3B4

B5

B6 B7 B8

 

wi =

1

2
 for i even

1      otherwise

⎧

⎨
⎪

⎩⎪

Rational B-splines 
•      is the weight associated with  

•  The rational basis functions are 

 

•  The NURBS curve is 

Ri
p (ξ) =

Ni, p (ξ)ω i

Nî , p (ξ)ω î
î =1

n

∑

C(ξ) = Ri
p (ξ)Bi

i=1

n

∑

Ni,pω i

Rational Surfaces and Solids 

•  Surface basis functions 

•  Solid basis functions 
 

Example:  Control Net for Torus 

  

 Toroidal Surface 

  

Mesh 

Control net 

Toroidal Surface 
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Mesh 

Control net 

h-refined Surface 

Mesh 

Control net 

Further h-refined 
Surface 

Mesh 

Control net 

Toroidal Surface 

Mesh 

Control net 

Cubic p-refined 
Surface 

Mesh 

Control net 

Quartic p-refined 
Surface What is a Circle? 

…

h 0
…

"  Isogeometric Analysis

"  Finite Element Analysis
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   Control Net                Mesh 

!
1

!
7

!
6

!
5

!
4

!
3

!
2

"
1

"
2

"
3

"
4

"
5

"
6

"
7

"
8

Index space

# = !
1
,!
2
,!
3
,!
4
,!
5
,!
6
,!
7{ }

= 0, 0, 0, 1/2, 1, 1, 1{ }

 

H = "
1
,"

2
,"

3
,"

4
,"

5
,"

6
,"

7
,"

8{ }
= 0, 0, 0, 1/3, 2/3, 1, 1, 1{ }

Knot vectors

0 1

1

2/3

1/3

0
1/2

!

"

N
1

N
4N

2
N
3

M
1
M

2
M

3
M

4

M
5

 R
2

-1 1
-1

1

!̂

"̂

Parameter

space

Parent

element

0 11/2

R
ij
!,"( ) =

w
ij
N

i
(!)M

j
(")

w
î ĵ
N

î
(!)M

ĵ
(")

î , ĵ

$

!

"

Integration is

performed on the

parent element1
2
/3

1
/3

0

x

y

z

Control point B
ij

 R
3

Control mesh

Physical mesh

Physical 

space

S !,"( ) = B
ij
R
ij
!,"( )

i, j

$

Finite Element Analysis     Isogeometric Analysis 
"  Nodal coordinates 

"  Nodal variables 

"  Mesh 
"  Basis interpolates 

nodal coordinates and 
variables 

"  Approximate geometry 

"  Polynomial basis 

"  Subdomains 

"  Gibbs phenomenon 

"  Control points 

"  Control variables 

"  Knot spans 
"  Basis does not 

interpolate control 
points and variables 

"  “Exact” geometry 

"  NURBS, etc. 

"  Patches 

"  Variation diminishing 

Gibbs phenomenon cf.  
Variation Diminishing Property 

Lagrange polynomials NURBS

p = 7
p = 5
p = 3

Control points
Nodes

p = 7
p = 5
p = 3

Lagrangian Interpolation of 
Points on an Ellipse 

•  6 digit accuracy •  4 digit accuracy 

Mathematic Properties of FEA and  
NURBS-based Isogeometric Analysis 

"  Compact support 

"  Partition of unity 

"  Affine covariance 

"  Isoparametric concept 

"  Patch tests satisfied 

"  Error estimates in Sobolev norms* 

*Y. Bazilevs, L. Beirão da Veiga, J. A. Cottrell, T. J. R. Hughes, and G. Sangalli, “Isogeometric analysis: 
approximation, stability and error estimates for h-refined meshes,” Mathematical Models and Methods in 
Applied Sciences, vol. 16, no. 7, pp. 1031–1090, 2006. http://www.ams.org/mathscinet-getitem?mr=2250029 



8/29/16 

16 

Error Estimates: h-refinement Patch (0,1)2 Physical domain 

 

wiNi

w
⎧
⎨
⎩

⎫
⎬
⎭i=1,…,n0  

wiNi

w
F−1⎧

⎨
⎩

⎫
⎬
⎭i=1,…,n0 F,w − fixed

Coarsest Discretization 

Patch (0,1)2 Physical domain 

 

wiNi

w
⎧
⎨
⎩

⎫
⎬
⎭i=1,…,n1  

wiNi

w
F−1⎧

⎨
⎩

⎫
⎬
⎭i=1,…,n1 F,w − fixed

First h-refinement 

Patch (0,1)2 Physical domain 

 

wiNi

w
⎧
⎨
⎩

⎫
⎬
⎭i=1,…,n2  

wiNi

w
F−1⎧

⎨
⎩

⎫
⎬
⎭i=1,…,n2 F,w − fixed

Second h-refinement 

•  Boundary element methods 

•  Rods and beams, plates and shells  
–  w/wo rotational DOF  

•  Solid and structural mechanics 
–  Inf-sup stable spaces   

•  Nearly-incompressible elasticity  

•  Plasticity 

–  Gradient damage models 

–  Contact, sliding w/wo friction  

•  Fluid mechanics and FSI 

•  Biomedical applications  

•  Phase-field methods  
–  Navier-Stokes-Korteweg equations 

–  Fracture 

•  Shape and topology optimization 

•  Integration of modeling and analysis tools  
–  Analysis-suitable surface descriptions,  

      w/wo trim  

–  Analysis-suitable volume parameterizations 

      from CAD surfaces  

•  Design 

Research Progress: 
 

•  Spline spaces 
–  B-splines, NURBS 

–  Subdivision 

–  T-splines, LR B-splines 

–  Hierarchically refined splines 

–  Generalized splines 

•  Efficient local refinement methods 

•  Efficient quadrature  

•  Collocation 

•  Approximation theory!
–  Functional analysis 

•  h,p,k  error estimation 

–  Spectral analysis 

–  Kolmogorov n-widths 

–  Adaptivity  

•  Structure preserving methods 
–  Electromagnetics 

–  Navier-Stokes equations 

•  Immersed boundary methods 

•  Numerical linear algebra 

Functional Analysis 
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A priori approx. with h-refined NURBS, etc. 
Theorem* 

 

Let k,l,  be the integer indices such that 0 ≤ k ≤ l ≤ p +1. Let u ∈H l (Ω),  then

u − Π
Vhu

H k K( )

2
≤ C

K∈Κh

∑ hK
2(l− k ) ∇F

i=0

l

∑
K∈Κh
∑

L∞ F−1 K( )( )

2(i− l )

u Hi K( )
2

Positive �constant,�  
depends on p, smoothness of Vh, 

shape regularity of the mesh, 
shape of Ω (but not its size), etc.  

Factors which render 
error estimate 

dimensionally consistent. 

*Y. Bazilevs, L. Beirão da Veiga, J. A. Cottrell, T. J. R. Hughes, and G. Sangalli, “Isogeometric analysis: 
approximation, stability and error estimates for h-refined meshes,” Mathematical Models and Methods in Applied 
Sciences, vol. 16, no. 7, pp. 1031–1090, 2006. http://www.ams.org/mathscinet-getitem?mr=2250029 
Anisotropic NURBS spaces:   

Beirão da Veiga, Cho & Sangalli, 2012 
Beirão da Veiga, Buffa, Sangalli & Vázquez, 2014 

T-splines:   
Beirão da Veiga, Buffa, Cho & Sangalli, 2012 
Beirão da Veiga, Buffa, Sangalli & Vázquez, 2012 

LR-splines:  Bressan, 2013 
Hierarchical splines:  Speleers & Manni 2016 
De Rham conforming vector fields:  Buffa, Rivas, Sangalli & Vázquez, 2012 

Adaptivity and a posteriori error 
estimation with spline spaces 

•  Dörfel, Jüttler & Simeon, 2010 
•  Vuong, Giannelli, Jüttler & Simeon, 2011 
•  Kumar, Kvamsdal & Johannessen, 2015 
•  Buffa & Giannelli, 2016 

Elastic Plate 

•  Infinite plate with circular hole 
under constant stress in x-direction 

 
•  h-refinements 

Mesh 1 Mesh 2 Mesh 3 

Mesh 4 Mesh 5 Mesh 6 

Uniformly h-refined NURBS Meshes 

Geometry is exact and geometry map is fixed throughout refinement. 

Mesh 5 Mesh 1 Mesh 3 

Contours of σxx 

0                                                                                                  30 

 Error in L2-norm of Stress 

  

hmax

Er
ro

r

h-refinement, DOF increasing  
 
 
 
` increasing 
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 p- and k-refinement 

p-refinement 

k-refinement 

 p- and k-refinement 

p-refinement 

k-refinement 

k-refinement occupies the space between  
low-order FEMs and spectral methods.  

 
 

Comparison of p- and k-methods 
•  n basis functions of degree p, after r 

refinements, the number of basis 
functions (each of degree p+r) is 

•  1D mesh  
            O(n+rn)          p-refinement 

      O(n+r)        k-refinement 
•  3D mesh 
            O((n+rn)3)      p-refinement 

      O((n+r)3)      k-refinement 
 

Basis Function Growth in       
3

O(106) 

O(109) 

Bandwidth is Independent of Smoothness 

C0 cubic finite element basis 

C2 cubic B-spline basis 

•  Bandwidth is 7 in both cases. 

•  But population within the band is greater for smooth splines. 

•  h,p,k-refinement:  Beirão da Veiga, Buffa, Rivas & Sangalli, 2012 

Elastic Plate 

•  Infinite plate with circular hole 
under constant stress in x-direction 

 
•  k-refinements 
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 Error in L2-norm of Stress 

  

hmax

Er
ro

r

k-refinement, DOF ~ const. 

 Error in L2-norm of Stress 

  

hmax

Er
ro

r

k-refinement, DOF ~ const. 

 

 Fast k-refinement solution strategy? 
 

•  Boundary element methods 

•  Rods and beams, plates and shells  
–  w/wo rotational DOF  

•  Solid and structural mechanics 
–  Inf-sup stable spaces   

•  Nearly-incompressible elasticity  

•  Plasticity 

–  Gradient damage models 

–  Contact, sliding w/wo friction  

•  Fluid mechanics and FSI 

•  Biomedical applications  

•  Phase-field methods  
–  Navier-Stokes-Korteweg equations 

–  Fracture 

•  Shape and topology optimization 

•  Integration of modeling and analysis tools  
–  Analysis-suitable surface descriptions,  

      w/wo trim  

–  Analysis-suitable volume parameterizations 

      from CAD surfaces  

•  Design 

Research Progress: 
 

•  Spline spaces 
–  B-splines, NURBS 

–  Subdivision 

–  T-splines, LR B-splines 

–  Hierarchically refined splines 

–  Generalized splines 

•  Efficient local refinement methods 

•  Efficient quadrature  

•  Collocation 

•  Approximation theory!
–  Functional analysis 

•  h,p,k  error estimation 

–  Spectral analysis 

–  Kolmogorov n-widths 

–  Adaptivity  

•  Structure preserving methods 
–  Electromagnetics 

–  Navier-Stokes equations 

•  Immersed boundary methods 

•  Numerical linear algebra 

Kolmogorov n-widths  
 

•  Numerical computation of approximation 
properties of finite-dimensional spaces 
(Evans et al., 2009) 

•  Sheds light on the “constant” 

u − ΠVh
u

H k K( )

2
≤ C

K∈Κh

∑ hK
2(l− k ) ∇F

i=0

l

∑
K∈Κh

∑
L∞ F−1 K( )( )

2(i− l )

u Hi K( )
2

Xn	

yn	 y*	

x	

X	

  
E(x,Xn;X ) = inf

yn ∈Xn

x − yn X

Best approximation (inf): 

Xn	 y*	

X	

yn	

x	
x*	

A	

Worst best-approximation (sup-inf): 

  
E(A,Xn;X ) = sup

x∈A
inf

yn ∈Xn

x − yn X
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INF 
  

dn(A;X ) = inf
Xn ⊂X

dim Xn =n

E(A,Xn ;X )

      = inf
Xn ⊂X

dim Xn =n

sup
x∈A

inf
yn ∈Xn

x − yn X

⎛
⎝⎜

⎞
⎠⎟

Kolmogorov n-width (inf-sup-inf): 

  
Λ(A,Xn;X ) =

E(A,Xn;X )
dn(A;X )

≥1

Optimality ratio (sup-inf / inf-sup-inf): 
A. Kolmogorov 

Eigenvalue problems 

  Xn = quartics,  A = B5(0,1)⊂ H5(0,1)⊂ X = L2(0,1)

B-splines (C3) 

Quartic finite elements (C0) 
 

  Xn = cubics, V = B4 ⊂ H4 ⊂ X = L2
  Xn = cubics, V = B4 ⊂ H4 ⊂ X = H1

  Xn = quartics, V = B5 ⊂ H5 ⊂ X = L2
  Xn = quartics, V = B5 ⊂ H5 ⊂ X = H1

Quartic B-splines (C3) 

Quartic finite elements (C0) 

 

Quartic B-splines (C3) 

Quartic finite elements (C0) 

 

Cubic B-splines (C2) 

Cubic finite elements (C0) 

 

Cubic B-splines (C2) 

Cubic finite elements (C0) 

 

 
Example of an L2 Optimality Surface (n is fixed) 

5 281,000 4,480 104 3.48 1.98 2.26
4 14,100 225 5.22 1.57 1.93 2.10
3 629 10.0 1.26 1.55 1.78 1.87
2 24.7 1.08 1.26 1.42 1.54 1.59
1 1.00 1.08 1.16 1.23 1.27 1.28
• 0 1 2 3 4 5

p = order of polynomial, 
maximal smoothness 

s = smoothness of Sobolev space 

p = order of polynomial, maximal smoothness 

s = smoothness of Sobolev space 

Cap off surface plot at 10 for purposes of visualization 

Smooth splines are always good 

•  Boundary element methods 

•  Rods and beams, plates and shells  
–  w/wo rotational DOF  

•  Solid and structural mechanics 
–  Inf-sup stable spaces   

•  Nearly-incompressible elasticity  

•  Plasticity 

–  Gradient damage models 

–  Contact, sliding w/wo friction  

•  Fluid mechanics and FSI 

•  Biomedical applications  

•  Phase-field methods  
–  Navier-Stokes-Korteweg equations 

–  Fracture 

•  Shape and topology optimization 

•  Integration of modeling and analysis tools  
–  Analysis-suitable surface descriptions,  

      w/wo trim  

–  Analysis-suitable volume parameterizations 

      from CAD surfaces  

•  Design 

Research Progress: 
 

•  Spline spaces 
–  B-splines, NURBS 

–  Subdivision 

–  T-splines, LR B-splines 

–  Hierarchically refined splines 

–  Generalized splines 

•  Efficient local refinement methods 

•  Efficient quadrature  

•  Collocation 

•  Approximation theory!
–  Functional analysis 

•  h,p,k  error estimation 

–  Spectral analysis 

–  Kolmogorov n-widths 

–  Adaptivity  

•  Structure preserving methods 
–  Electromagnetics 

–  Navier-Stokes equations 

•  Immersed boundary methods 

•  Numerical linear algebra 
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Isogeometric Structural Analysis 

•  Isoparametric NURBS elements exactly 
represent all rigid body motions and constant 
strain states 

Feature removal, 
adaptive meshing

NURBS

Isogeometric analysis 
preserves geometry

Hyperboloidal Shell 

•  Mid-surface: 
"  x2 + z2 - y2 = 1 
"  -1 ≤ y ≤ 1 

•  R/t = 103 

•  Fixed at the top        
and bottom 

•  Loading: 
"  p = p0 cos 2θ 

x 

z 

y 

Thickness Discretization 
Rational quadratic basis 

functions through the thickness { 

The NURBS surface defining the 
mid-surface is geometrically 

exact

Surface Discretization 

Mesh 3 Mesh 2 Mesh 1 

Deformed Shell 
(displacement amplification factor of 10) 

View 1 

View 2 
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View 1 
(displacement amplification factor of 10) View 2 

(displacement amplification factor of 10) 

Radial Displacement at Compression Lobe 
(Mesh 3) 

Detail of Radial Displacement  
at Compression Lobe (Mesh 3) 

Shape Optimization 

"  Finite element geometric 
description is inconvenient for 
shape optimization 

"  NURBS, etc., present a more 
concise parameterization of 
design variables 

"  Closing the design-through-
analysis loop:  Optimized 
description can be returned to 
CAD system for manufacturing 

CAD 

Nodes 

Control 
points 

Hemispherical Shell with Stiffener 

Computational domain 

Actual domain (from E. Rank et al.) 

Loading: 
"  Gravity 
"  External pressure 

p 
g 

Symmetry BCs 
uz = 0 
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Hemispherical Shell with Stiffener 

Mesh in parametric space 

Mesh in physical space Mesh in physical space 

 Locally Refined Meshes 

Hemispherical Shell with Stiffener 

Vertical displacement (smooth) Von Mises stress (singular) 

•  Boundary element methods 

•  Rods and beams, plates and shells  
–  w/wo rotational DOF  

•  Solid and structural mechanics 
–  Inf-sup stable spaces   

•  Nearly-incompressible elasticity  

•  Plasticity 

–  Gradient damage models 

–  Contact, sliding w/wo friction  

•  Fluid mechanics and FSI 

•  Biomedical applications  

•  Phase-field methods  
–  Navier-Stokes-Korteweg equations 

–  Fracture 

•  Shape and topology optimization 

•  Integration of modeling and analysis tools  
–  Analysis-suitable surface descriptions,  

      w/wo trim  

–  Analysis-suitable volume parameterizations 

      from CAD surfaces  

•  Design 

Research Progress: 
 

•  Spline spaces 
–  B-splines, NURBS 

–  Subdivision 

–  T-splines, LR B-splines 

–  Hierarchically refined splines 

–  Generalized splines 

•  Efficient local refinement methods 

•  Efficient quadrature  

•  Collocation 

•  Approximation theory!
–  Functional analysis 

•  h,p,k  error estimation 

–  Spectral analysis 

–  Kolmogorov n-widths 

–  Adaptivity  

•  Structure preserving methods 
–  Electromagnetics 

–  Navier-Stokes equations 

•  Immersed boundary methods 

•  Numerical linear algebra 

NASA Aluminum Testbed 
Cylinder (ATC) 

NASA ATC Frame 
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NASA ATC Frame and Skin 
Main Rib

Coarsest mesh 
15° segment of main rib

Mesh 2

Mesh 3

Longitudinal Stringer 
Sample Meshes

1/70 of actual 
length



8/29/16 

25 

Stringer - Main Rib Junctions 
in ATC Frame 

First Torsion Mode 

First Bending Mode First Rayleigh Mode 

x-displacement

First Love Mode 

x-displacement

ATC Frame and Skin 

Fr
eq

ue
nc

y 
(h

z)
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Galerkin Method for the 
Eigenvalue Problem 

   

Variational form:                                        Galerkin method:

V = w :  w ∈H1(0,1),  w(0) = w(1) = 0{ }        V h = wh :  wh = Nici
i=1

n

∑ ,  Ni ∈V,  ci ∈R
⎧
⎨
⎩

⎫
⎬
⎭
⊂V

Find all u,λ{ },  u ∈V,  λ=ω 2 ∈R+,  s.t.        Find all uh,λh{ },  uh ∈V h,  λh=(ω h)2 ∈R+,  s.t.        

B(w,u) = λ(w,u)   ∀w ∈V                         B(wh,uh) = λh(wh,uh)   ∀wh ∈V h

where                                                       ⇔  Kui  = λi
h  Mui ,  i = 1,2,...,n

B(w,u) =
dw
dx0

1

∫  
du
dx

 dx                               where K = Kij
⎡⎣ ⎤⎦ ,  M = Mij

⎡⎣ ⎤⎦

(w,u) = w
0

1

∫  u dx                                        with Kij = B(Ni ,Nj ),  Mij = (Ni ,Nj )

B. Galerkin 

 Vibration of a Finite Elastic Rod 
with Fixed Ends 

  

Eigenvalue problem:

Find all u,λ{ },  u : [0,1]→R, λ=ω 2 ∈R+,  s.t.

u,xx + λu = 0,  u(0) = u(1) = 0 

Natural frequencies:

ω i = (λi )
1/2 = iπ,   i = 1,2,3,...,∞

Frequency errors:

ω i
h /ω i

Comparison of  Quadratic C0 FEM  
and C1 NURBS Frequency Errors 
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Comparison of C0 FEM and Cp-1 NURBS 
Frequency Errors 

      Higher modes diverge 
     
1.  No approximation 

2.  Lack of robustness 

3.  Poor conditioning 

C0 FEM Eigenproblem Error Estimates  

   

B(w,ul ) = λl (w,ul ),   
0 < λ1 ≤ λ2 ≤ λ3 ≤ ...,   
(ul ,um ) = δ lm ,   
B(ul ,um ) = λlδ lm ,   

ul = 1,   ul E

2
= λl

B(wh ,ul
h ) = λl

h(wh ,ul
h ),   

0 < λ1
h ≤ λ2

h ≤ λ3
h ≤ ...,   

(ul
h ,um

h ) = δ lm ,   

B(wh ,ul
h ) = λl

hδ lm ,   

ul
h = 1,   ul

h

E

2
= λl

h

   

2s =  order of the differential operator

λl
h − λl

λl

⎛

⎝⎜
⎞

⎠⎟
≤ C(hλl

1/(2s) )2( p+1−s)

ul
h − ul E

λl
1/2 ≤ C(hλl

1/(2s) ) p+1−s

 ul
h − ul ≤ C(hλl

1/(2s) )σ

where
σ = min{p +1,  2( p +1− s)}
hλl

1/(2s) ≤ ε <1,  smallness condition on h
C,ε  constants independent of h and λl

The estimates are asymptotic.

k-refinement eigenproblem error estimates? 

Pythagorean Eigenvalue Error Theorem 

   

B(w,ul ) = λl (w,ul ),   
0 < λ1 ≤ λ2 ≤ λ3 ≤ ...,   
(ul ,um ) = δ lm ,   
B(ul ,um ) = λlδ lm ,   

ul = 1,   ul E

2
= λl

B(wh ,ul
h ) = λl

h(wh ,ul
h ),   

0 < λ1
h ≤ λ2

h ≤ λ3
h ≤ ...,   

(ul
h ,um

h ) = δ lm ,   

B(wh ,ul
h ) = λl

hδ lm ,   

ul
h = 1,   ul

h

E

2
= λl

h

   

a2 + b2 = c2

a =
ul

h − ul

ul

,    b =
λl

h − λl

λl

⎛

⎝
⎜

⎞

⎠
⎟

1/ 2

,    c =
ul

h − ul E

ul E

ul
h − ul

ul

2

2

+
λl

h − λl

λl

⎛

⎝
⎜

⎞

⎠
⎟ =

ul
h − ul E

2

ul E

2

ul
h − ul

ul

2

2

≤  
ul

h − ul E

2

ul E

2

λl
h − λl

λl

⎛

⎝
⎜

⎞

⎠
⎟ ≤  

ul
h − ul E

2

ul E

2

 a

 b

 c
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Eigenvalue and Eigenfunction Errors 
                                 C1-continuous B-splines (p=2) 

  

ul
h − ul

ul

2

2

+
λl

h − λl

λl

⎛

⎝
⎜

⎞

⎠
⎟ =

ul
h − ul E

2

ul E

2

TJRH, J.A. Evans, and A. Reali, "Finite element and NURBS approximations of eigenvalue, boundary-value, and 
initial-value problems." Computer Methods in Applied Mechanics and Engineering, Vol. 272, 290-320, 2014.  
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Eigenvalue and Eigenfunction Errors 
       C0-continuous FEA (p=2)         C1-continuous B-splines (p=2) 
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Eigenvalue and Eigenfunction Errors 
    C0-continuous functions (p=2)    C1-continuous functions (p=2) 
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TJRH, J.A. Evans, and A. Reali, "Finite element and NURBS approximations of eigenvalue, boundary-value, and 
initial-value problems." Computer Methods in Applied Mechanics and Engineering, Vol. 272, 290-320, 2014.  

Eigenvalue and Eigenfunction Errors 
        C0-continuous FEA (p=3)         C2-continuous B-splines (p=3) 
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TJRH, J.A. Evans, and A. Reali, "Finite element and NURBS approximations of eigenvalue, boundary-value, and 
initial-value problems." Computer Methods in Applied Mechanics and Engineering, Vol. 272, 290-320, 2014.  
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Eigenvalue and Eigenfunction Errors 
       C0-continuous FEA (p=4)         C3-continuous B-splines (p=4) 
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TJRH, J.A. Evans, and A. Reali, "Finite element and NURBS approximations of eigenvalue, boundary-value, and 
initial-value problems." Computer Methods in Applied Mechanics and Engineering, Vol. 272, 290-320, 2014.  
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Eigenvalue and Eigenfunction Errors 
       C0-continuous FEA (p=4)         C3-continuous B-splines (p=4) 
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TJRH, J.A. Evans, and A. Reali, "Finite element and NURBS approximations of eigenvalue, boundary-value, and 
initial-value problems." Computer Methods in Applied Mechanics and Engineering, Vol. 272, 290-320, 2014.  

Outstanding issue:  “Outliers” 
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Wave Propagation in an Infinite Domain 

  

Helmholtz equation:
u,xx + k 2u = 0 for x ∈(−∞,+∞)

Wave number:  k
Phase error:  k / kh

  λ
h = 2π / kh

  λ = 2π / k

Duality Principle 

•  Frequency errors in vibrations and 
phase errors in wave propagation are 
related by a change of variables: 
 

k / kh ↔ω h /ω
khh /π ↔ωh /π

Duality of Frequency and Phase Errors 

p

k

khh /π ↔ωh /π

k / kh ↔ω h /ω

k / kh

khh
π

Helmholtz Equation Phase Error 

p

k

Stopping bands 

Helmholtz Equation Phase Error 

p

k

Stopping bands 

No stopping bands 

Helmholtz equation in 1D, 
 Dirichlet boundary conditions 

 
(31 control points for p = 3) 

Wave Propagation  



8/29/16 

29 

p-method stopping bands for p = 3 k = 71; p = 3 
(inside the 2nd p-method stopping band) 
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Figure 29: Solutions of the boundary value problem (116)–(117) for p = 3 computed with
k = 71: exact solution (top), k-method (31 degrees-of-freedom, center) and p-method (31
degrees-of-freedom, bottom).

45

C0 FEM  

C2 B-splines  

Exact solution 

IGA and Mass Lumping 
•  Diagonal mass matrices to facilitate explicit transient 

analysis. 

•  Crash dynamics and metal forming simulations typically 
use explicit analysis with linear finite elements. 

•  Mass lumping schemes for higher-order elements 
typically reduce accuracy to the same level as for linear 
elements. 

•  Challenge:  Create lumped mass, higher-order accurate 
methods that are efficient (i.e., possess large critical time 
steps). 

Petrov-Galerkin Methods 

•  Test functions chosen to provide 
computational attributes 

•  Example:  
– Streamline Upwind Petrov-Galerkin 

(SUPG) method 

•  Our application:  Design test functions 
to produce diagonal mass matrices. 

Biorthogonal Test Functions 

•  Biorthogonality: 

•  Simply constructed 
using “Bézier 
projection” 

Z

⌦
NANB d⌦ =

(
1, A = B

0, A 6= B

p=2	 p=3	

N

N

D. Thomas and TJRH, 2015 

Elliptic Boundary Value Problem  

•  Manufactured solution 

(
�r2u+ u = f

u|� = 0
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Convergence Rates for the Elliptic BVP 
•  L2 rate: 

–  p for even degree 
–  p+1 for odd degree 

•  H1 rate: 
–  p for even and odd 

degrees (optimal) 
 

Frequency Convergence Rates 

•  Higher-order rates: 
–  p for even degree 
–  p+1 for odd degree 

(
r2u+ !2u = 0

u|� = 0

Frequency Spectra in 1D 
•  Numerical frequencies are lower than exact for for p < 6. 
•  Critical time step size in explicit transient analysis is 

inversely proportional to the largest numerical frequency. 

Outliers 

•  Boundary element methods 

•  Rods and beams, plates and shells  
–  w/wo rotational DOF  

•  Solid and structural mechanics 
–  Inf-sup stable spaces   

•  Nearly-incompressible elasticity  

•  Plasticity 

–  Gradient damage models 

–  Contact, sliding w/wo friction  

•  Fluid mechanics and FSI 

•  Biomedical applications  

•  Phase-field methods  
–  Navier-Stokes-Korteweg equations 

–  Fracture 

•  Shape and topology optimization 

•  Integration of modeling and analysis tools  
–  Analysis-suitable surface descriptions,  

      w/wo trim  

–  Analysis-suitable volume parameterizations 

      from CAD surfaces  

•  Design 

Research Progress: 
 

•  Spline spaces 
–  B-splines, NURBS 

–  Subdivision 

–  T-splines, LR B-splines 

–  Hierarchically refined splines 

–  Generalized splines 

•  Efficient local refinement methods 

•  Efficient quadrature  

•  Collocation 

•  Approximation theory!
–  Functional analysis 

•  h,p,k  error estimation 

–  Spectral analysis 

–  Kolmogorov n-widths 

–  Adaptivity  

•  Structure preserving methods 
–  Electromagnetics 

–  Navier-Stokes equations 

•  Immersed boundary methods 

•  Numerical linear algebra 

IGA Renaissance in  
Reduced Quadrature Galerkin Methods 

Exploiting increased continuity in numerical 
quadrature:  A basis for two quadratic elements  

		

C −1 	:	span{φ1 ,φ2 ,φ3 ,φ4 ,φ5 ,φ6}		⇔ 	4pts:	twice	2pt	Gauss-Legendre
C0 		:	span{φ1 ,φ3 ,φ4 ,φ5 ,φ6}								⇔ 	3pts:	{(− 2

3 ,0, 23),( 34 , 14 , 34 )}
C1 		:	span{φ1 ,φ3 ,φ5 ,φ6}														⇔ 	2pts:	2pt	Gauss-Legendre

T. J. R. Hughes, A. Reali, and G. Sangalli, “Efficient quadrature for NURBS-based isogeometric analysis,” Computer 
Methods in Applied Mechanics and Engineering, vol. 199, no. 5–8, pp. 301–313, Jan. 2010. 
http://www.sciencedirect.com/science/article/pii/S0045782508004295 
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Effect of Quadrature

p+1 Gauss points:  Exact integration of mass and stiffness  
 
p     Gauss points:  Reduced integration of mass, exact integration of stiffness  

                   C0  FEA (p-refinement)                               Cp–1 B-splines (k-refinement) 

exact 

reduced 

exact 

reduced 

T. J. R. Hughes, A. Reali, and G. Sangalli, “Efficient quadrature for NURBS-based isogeometric analysis,” Computer 
Methods in Applied Mechanics and Engineering, vol. 199, no. 5–8, pp. 301–313, Jan. 2010. 
http://www.sciencedirect.com/science/article/pii/S0045782508004295 

Exploiting higher-order smoothness 

In IGA, rules with points on element boundaries are efficient, unlike in Galerkin FEA, 
buy the possibility of spurious zero-energy modes needs to be carefully investigated 

Center-edge rule Felippa’s center-vertex rule 

Quadratic spline discretizations in 2D 

Poisson model problem: 
 

Analytical solution: 

Galerkin weak form: 

Numerical integration: 

 

Manufactured load: 

Quadratic spline discretizations in 2D 

(a) Full Gauss 
 9 points  
per element 
 

(b) Gauss-Lobatto 
 4 points  
per element 
 

(c) Reduced Gauss 
 4 points  
per element 
 

(d) Center-edge 
3 points  
per element 
 

Convergence of H1 error with mesh refinement 

Same accuracy as for full Gauss quadrature 

# degrees of freedom Total computing time 

Significant gains in computational efficiency for Galerkin based IGA 
 (up to 2 times faster for 2D quadratics) 

Full Gauss 

Center-edge rule 

Gauss-Lobatto, 
Reduced Gauss 
 

Quadratic spline discretizations in 3D 
Poisson model problem: 
 

Analytical solution: 

Numerical integration: 

Manufactured load: 

D. Schillinger, S. Hossain, TJRH, 2014 
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Quadratic spline discretizations in 3D 

(a) Full Gauss 
 27 points per element 

(b) Gauss-Lobatto 
 8 points per element 

(c) Reduced Gauss 
 8 points per element 

(d) Face rule 
3 points per element 

D. Schillinger, S. Hossain, TJRH, 2014 

Convergence of H1 error with mesh refinement 

Degrees of freedom Total computing time  

D. Schillinger, S. Hossain, TJRH, 2014 

Full Gauss 

Face rule 

Gauss-Lobatto, 
Reduced Gauss 
 

Convergence of H1 error with mesh refinement 

Degrees of freedom Total computing time  

D. Schillinger, S. Hossain, TJRH, 2014 

Full Gauss 

Face rule 

Gauss-Lobatto, 
Reduced Gauss 
 

Outstanding isssue:  Maintaining full rank 

Reduced quadrature rules in IGA 
  
#   Efficiency: 
 

 Significantly fewer point evaluations than full Gaussian quadrature 
   
#   Stability: 
 

 Rank-sufficient system matrices without spurious modes 

#   Accuracy: 
 

 Same accuracy as full Gaussian quadrature if stable 

#   Element based: 

o   Easy to implement in existing code structures 

o   Applicable to unstructured meshes, such as T-splines, hierarchically 
 refined NURBS, etc. 

Exploiting increased continuity in 
numerical quadrature:  One dimension 

Polynomial 
degree	 4	 6	 8	 10	
Gauss-Legendre	 3.0	 4.0	 5.0	 6.0	
Optimal	 2.0	 2.5	 3.0	 3.5	
Reduced	 1.5	 2.0	 2.5	 3.0	

Number	of	quadrature	points	per	element	in	one	dimension	

!!
p+1
2⎡⎢ ⎤⎥

d

!!
p−r
2( )d !!

p−1−r
2( )d

Gauss-Legendre: Optimal rule: Reduced rule: 

Exploiting increased continuity in 
numerical quadrature:  Two dimensions 

Polynomial 
degree	 4	 6	 8	 10	
Gauss-Legendre	 9.0	 16.0	 25.0	 36.0	
Optimal	 4.0	 6.3	 9.0	 12.3	
Reduced	 2.3	 4.0	 6.3	 9.0	

Number	of	quadrature	points	per	element	in	two	dimensions	

!!
p+1
2⎡⎢ ⎤⎥

d

!!
p−r
2( )d !!

p−1−r
2( )d

Gauss-Legendre: Optimal rule: Reduced rule: 
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Exploiting increased continuity in 
numerical quadrature:  Three dimensions 

Polynomial 
degree	 4	 6	 8	 10	
Gauss-Legendre	 27.0	 64.0	 125.0	 216.0	
Optimal	 8.0	 15.6	 27.0	 42.9	
Reduced	 3.4	 8.0	 15.6	 27.0	

Number	of	quadrature	points	per	element	in	three	dimensions	

!!
p+1
2⎡⎢ ⎤⎥

d

!!
p−r
2( )d !!

p−1−r
2( )d

Gauss-Legendre: Optimal rule: Reduced rule: 

*R.R. Hiemstra, F. Calabrò, D.Schillinger, T.J.R. Hughes. Optimal and reduced quadrature rules for 
tensor product and hierarchically refined splines in isogeometric analysis. ICES reports 16-11, May 
2016.  https://www.ices.utexas.edu/media/reports/2016/1611.pdf 
 

•  Application of the algorithm in [Hughes et al., 2010] with an improved 
starting guess to compute optimal quadrature rules for univariate 
non-uniform splines 

•  Robust and arbitrary precision implementation in the Julia language: 
https://github.com/rrhiemstra/quadrules 

•  Precomputed rules for spline spaces defined on uniform open knot 
vectors: https://github.com/rrhiemstra/quadrules 

•  Investigation of the performance of the proposed rules in the context 
of full and reduced quadrature applied to two and three dimensional 
boundary value problems 

 
•  Proof of accuracy and stability of reduced quadrature applied to 

elliptic partial differential equations 

Recent Paper on Quadrature* 

Breakthrough in IGA Quadrature 

•  “Fast Formation of Isogeometric Galerkin Matrices by 
Weighted Quadrature,” F. Calabrò, G. Sangalli, and M. Tani, 
CMAME, accepted, 2016. 

•  http://arxiv.org/abs/1605.01238v1 

Breakthrough in IGA Quadrature 

•  “Fast Formation of Isogeometric Galerkin Matrices by 
Weighted Quadrature,” F. Calabrò, G. Sangalli, and M. Tani, 
CMAME, accepted, 2016. 

•  http://arxiv.org/abs/1605.01238v1 

•  Much greater efficiency for Galerkin matrices than classical 
element-by-element implementation. 

Breakthrough in IGA Quadrature 
•  Example:   

–  Formation and assembly of a Galerkin mass matrix. 

Breakthrough in IGA Quadrature 
•  Example:   

–  Formation and assembly of a Galerkin mass matrix. 
–  203 Bézier element mesh. 
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Breakthrough in IGA Quadrature 
•  Example:   

–  Formation and assembly of a Galerkin mass matrix. 
–  203 Bézier element mesh. 
–  pth-degree Cp-1 maximally smooth spline elements with  
   p = 10. 

Breakthrough in IGA Quadrature 
•  Example:   

–  Formation and assembly of a Galerkin mass matrix. 
–  203 Bézier element mesh. 
–  pth-degree Cp-1 maximally smooth spline elements with  
   p = 10. 
–  MATLAB implementations. 
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•  Example:   
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–  203 Bézier element mesh. 
–  pth-degree Cp-1 maximally smooth spline elements with  
   p = 10. 
–  MATLAB implementations. 
–  Standard element-by-element formation and assemby, 

utilizing “full” Gaussian quadrature on each Bézier 
element: (p + 1)3 = 113 = 1,331 points/element. 

Breakthrough in IGA Quadrature 
•  Example:   

–  Formation and assembly of a Galerkin mass matrix. 
–  203 Bézier element mesh. 
–  pth-degree Cp-1 maximally smooth spline elements with  
   p = 10. 
–  MATLAB implementations. 
–  Standard element-by-element formation and assemby, 

utilizing “full” Gaussian quadrature on each Bézier 
element: (p + 1)3 = 113 = 1,331 points/element. 

–  Time = 62 hours.   

Breakthrough in IGA Quadrature 
•  Example:   

–  Formation and assembly of a Galerkin mass matrix. 
–  203 Bézier element mesh. 
–  pth-degree Cp-1 maximally smooth spline elements with  
   p = 10. 
–  MATLAB implementations. 
–  Standard element-by-element formation and assemby, 

utilizing “full” Gaussian quadrature on each Bézier 
element: (p + 1)3 = 113 = 1,331 points/element. 

–  Time = 62 hours.   
–  New procedure = 27 seconds! 

Breakthrough in IGA Quadrature 
•  Example:   

–  Formation and assembly of a Galerkin mass matrix. 
–  203 Bézier element mesh. 
–  pth-degree Cp-1 maximally smooth spline elements with  
   p = 10. 
–  MATLAB implementations. 
–  Standard element-by-element formation and assemby, 

utilizing “full” Gaussian quadrature on each Bézier 
element: (p + 1)3 = 113 = 1,331 points/element. 

–  Time = 62 hours.   
–  New procedure = 27 seconds! 
–  Speedup factor > 8,000!  
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•  Boundary element methods 

•  Rods and beams, plates and shells  
–  w/wo rotational DOF  

•  Solid and structural mechanics 
–  Inf-sup stable spaces   

•  Nearly-incompressible elasticity  

•  Plasticity 

–  Gradient damage models 

–  Contact, sliding w/wo friction  

•  Fluid mechanics and FSI 

•  Biomedical applications  

•  Phase-field methods  
–  Navier-Stokes-Korteweg equations 

–  Fracture 

•  Shape and topology optimization 

•  Integration of modeling and analysis tools  
–  Analysis-suitable surface descriptions,  

      w/wo trim  

–  Analysis-suitable volume parameterizations 

      from CAD surfaces  

•  Design 

Research Progress: 
 

•  Spline spaces 
–  B-splines, NURBS 

–  Subdivision 

–  T-splines, LR B-splines 

–  Hierarchically refined splines 

–  Generalized splines 

•  Efficient local refinement methods 

•  Efficient quadrature  

•  Collocation 

•  Approximation theory!
–  Functional analysis 

•  h,p,k  error estimation 

–  Spectral analysis 

–  Kolmogorov n-widths 

–  Adaptivity  

•  Structure preserving methods 
–  Electromagnetics 

–  Navier-Stokes equations 

•  Immersed boundary methods 

•  Numerical linear algebra 

IGA and Collocation 
 
 

1.  Use the strong variational form of the equations.   

2.  One quadrature point per node/control point.  

3.  The ultimate reduced quadrature method. 

4.  1D theoretical result*:  O(p-1) in W2,∞ for all p (optimal). 

5.  Observed numerically in multi-D*:   
      O(p) in L∞ and W1,∞ for p even  
      O(p-1) in L∞ and W1,∞ for p odd 

  

*F. Auricchio, L. B. Da Veiga, T. J. R. Hughes, A. Reali, and G. Sangalli, “ISOGEOMETRIC COLLOCATION METHODS,” 
Mathematical Models and Methods in Applied Sciences, vol. 20, no. 11, pp. 2075–2107, Nov. 2010. 
http://www.worldscientific.com/doi/abs/10.1142/S0218202510004878 

IGA and Collocation 
 
 

1.  Use the strong variational form of the equations.   

2.  One quadrature point per node/control point.  

3.  The ultimate reduced quadrature method. 

4.  1D theoretical result*:  O(p-1) in W2,∞ for all p (optimal). 

5.  Observed numerically in multi-D*:   
      O(p) in L∞ and W1,∞ for p even (optimal) 
      O(p-1) in L∞ and W1,∞ for p odd 

  

*F. Auricchio, L. B. Da Veiga, T. J. R. Hughes, A. Reali, and G. Sangalli, “ISOGEOMETRIC COLLOCATION METHODS,” 
Mathematical Models and Methods in Applied Sciences, vol. 20, no. 11, pp. 2075–2107, Nov. 2010. 
http://www.worldscientific.com/doi/abs/10.1142/S0218202510004878 

IGA and Collocation 
 
 

1.  Use the strong variational form of the equations.   

2.  One quadrature point per node/control point.  

3.  The ultimate reduced quadrature method. 

4.  1D theoretical result*:  O(p-1) in W2,∞ for all p (optimal). 

5.  Observed numerically in multi-D*:   
      O(p) in L∞ and W1,∞ for p even (optimal) 
      O(p-1) in L∞ and W1,∞ for p odd (suboptimal) 

  

*F. Auricchio, L. B. Da Veiga, T. J. R. Hughes, A. Reali, and G. Sangalli, “ISOGEOMETRIC COLLOCATION METHODS,” 
Mathematical Models and Methods in Applied Sciences, vol. 20, no. 11, pp. 2075–2107, Nov. 2010. 
http://www.worldscientific.com/doi/abs/10.1142/S0218202510004878 

Quadrature points for  p = 2 

Isogeometric 
collocation (IGA-C) 

Isogeometric 
Galerkin (IGA-G) 

C0 Finite Elements 
(FEA-G) 

Greville points 3 X 3 Gauss 3 X 3 Gauss 

D. Schillinger, J. A. Evans, A. Reali, M. A. Scott, and T. J. R. Hughes, “Isogeometric collocation: Cost comparison with Galerkin 
methods and extension to adaptive hierarchical NURBS discretizations,” Computer Methods in Applied Mechanics and 
Engineering, vol. 267, pp. 170–232, Dec. 2013. http://www.sciencedirect.com/science/article/pii/S004578251300193X 

Benchmark problem: Linear elasticity in 3D 
3D domain 

Exact solution: 

Displacement field u Derivative du/dz 

D. Schillinger, J. A. Evans, A. Reali, M. A. Scott, and T. J. R. Hughes, “Isogeometric collocation: Cost comparison with Galerkin 
methods and extension to adaptive hierarchical NURBS discretizations,” Computer Methods in Applied Mechanics and 
Engineering, vol. 267, pp. 170–232, Dec. 2013. http://www.sciencedirect.com/science/article/pii/S004578251300193X 
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Error in H1 semi-norm vs. number of DOF 
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methods and extension to adaptive hierarchical NURBS discretizations,” Computer Methods in Applied Mechanics and 
Engineering, vol. 267, pp. 170–232, Dec. 2013. http://www.sciencedirect.com/science/article/pii/S004578251300193X 

Error in H1 semi-norm vs. computing time 
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Error in H1 semi-norm vs. computing time 
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D. Schillinger, J. A. Evans, A. Reali, M. A. Scott, and T. J. R. Hughes, “Isogeometric collocation: Cost comparison with Galerkin 
methods and extension to adaptive hierarchical NURBS discretizations,” Computer Methods in Applied Mechanics and 
Engineering, vol. 267, pp. 170–232, Dec. 2013. http://www.sciencedirect.com/science/article/pii/S004578251300193X 

Speed-up:  25 times 

Breakthrough in IGA Collocation 

•  “The Variational Collocation Method,” H. 
Gomez, L. De Lorenzis, CMAME, accepted, 
2016. 

Breakthrough in IGA Collocation 

•  “The Variational Collocation Method,” H. 
Gomez, L. De Lorenzis, CMAME, accepted, 
2016. 

•  There exist collocation points, so-called 
Cauchy-Galerkin points, that produce the 
Galerkin solution exactly, for all p, odd as well 
as even. 

•  Boundary element method 

•  Rods and beams, plates and shells  
–  w/wo rotational DOF  

•  Solid and structural mechanics 
–  Inf-sup stable spaces   

•  Nearly-incompressible elasticity  

•  Plasticity 

–  Gradient damage models 

–  Contact, sliding w/wo friction  

•  Fluid mechanics and FSI 

•  Biomedical applications  

•  Phase-field methods  
–  Navier-Stokes-Korteweg equations 

–  Fracture 

•  Shape and topology optimization 

•  Integration of modeling and analysis tools  
–  Analysis-suitable surface descriptions,  

      w/wo trim  

–  Analysis-suitable volume parameterizations 

      from CAD surfaces  

•  Design 

Research Progress: 
 

•  Spline spaces 
–  B-splines, NURBS 

–  Subdivision 

–  T-splines, LR B-splines 

–  Hierarchically refined splines 

–  Generalized splines 

•  Efficient local refinement methods 

•  Efficient quadrature  

•  Collocation 

•  Approximation theory!
–  Functional analysis 

•  h,p,k  error estimation 

–  Spectral analysis 

–  Kolmogorov n-widths 

–  Adaptivity  

•  Structure preserving methods 
–  Electromagnetics 

–  Navier-Stokes equations 

•  Immersed boundary methods 

•  Numerical linear algebra 
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Collocation:  Frictionless Contact 
"  Strong form 

 
"  Isoparametric concept 
"  Active set strategy 
"  Active contact conditions in the collocation setting: 
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•  Boundary element method 

•  Rods and beams, plates and shells  
–  w/wo rotational DOF  

•  Solid and structural mechanics 
–  Inf-sup stable spaces   

•  Nearly-incompressible elasticity  

•  Plasticity 

–  Gradient damage models 

–  Contact, sliding w/wo friction  

•  Fluid mechanics and FSI 

•  Biomedical applications  

•  Phase-field methods  
–  Navier-Stokes-Korteweg equations 

–  Fracture 

•  Shape and topology optimization 

•  Integration of modeling and analysis tools  
–  Analysis-suitable surface descriptions,  

      w/wo trim  

–  Analysis-suitable volume parameterizations 

      from CAD surfaces  

•  Design 

Research Progress: 
 

•  Spline spaces 
–  B-splines, NURBS 

–  Subdivision 

–  T-splines, LR B-splines 

–  Hierarchically refined splines 

–  Generalized splines 

•  Efficient local refinement methods 

•  Efficient quadrature  

•  Collocation 

•  Approximation theory!
–  Functional analysis 

•  h,p,k  error estimation 

–  Spectral analysis 

–  Kolmogorov n-widths 

–  Adaptivity  

•  Structure preserving methods 
–  Electromagnetics 

–  Navier-Stokes equations 

•  Immersed boundary methods 

•  Numerical linear algebra 

Collocation for a Singular Problem  
Consider the Laplace problem over the L-shaped domain with homogeneous Dirichlet BCs on 
reentrant edges and Neumann tractions according to the exact solution 
 
 
 
The derivative dT/dr shows a corner singularity. 

Solution T Derivative dT/dr 

D. Schillinger, J. A. Evans, A. Reali, M. A. Scott, and T. J. R. Hughes, “Isogeometric collocation: Cost comparison with Galerkin 
methods and extension to adaptive hierarchical NURBS discretizations,” Computer Methods in Applied Mechanics and 
Engineering, vol. 267, pp. 170–232, Dec. 2013. http://www.sciencedirect.com/science/article/pii/S004578251300193X 

Discretize L-shaped domain with two patches of 10x10 NURBS elements and subsequently 
add hierarchical levels around the corner as shown below. 

Adaptive mesh (initial mesh + 3 
hierarchical levels) 

Corresponding collocation points  
for the quadratic case 

Collocation for a Singular Problem  

D. Schillinger, J. A. Evans, A. Reali, M. A. Scott, and T. J. R. Hughes, “Isogeometric collocation: Cost comparison with Galerkin 
methods and extension to adaptive hierarchical NURBS discretizations,” Computer Methods in Applied Mechanics and 
Engineering, vol. 267, pp. 170–232, Dec. 2013. http://www.sciencedirect.com/science/article/pii/S004578251300193X 

Error in H1 (quadratics, cubics) Error in H1 (quartics, quintics)  

Collocation for a Singular Problem  

D. Schillinger, J. A. Evans, A. Reali, M. A. Scott, and T. J. R. Hughes, “Isogeometric collocation: Cost comparison with Galerkin 
methods and extension to adaptive hierarchical NURBS discretizations,” Computer Methods in Applied Mechanics and 
Engineering, vol. 267, pp. 170–232, Dec. 2013. http://www.sciencedirect.com/science/article/pii/S004578251300193X 

Further numerical examples 

•   Standard benchmark from IGA book 
•   Global Péclet number Pe = 10,000 
•   Apply initial discretization of 15x15  

 quadratic NURBS elements  
•   Use gradient based error estimator 
•   Apply simple upwinding of 

 collocation points 

Observe: 
•   Hierarchical refinement and 

 collocation works well, no stability or 
 robustness issues are encountered 

•   Internal and boundary layers are 
 captured accurately 

•   Adaptive mesh requires 8,187 dofs, 
 whereas a uniform refinement 
 resolving the layers with the same 
 fine scale mesh size would require 
 2,030,400 dofs 

D. Schillinger, J. A. Evans, A. Reali, M. A. Scott, and T. J. R. Hughes, “Isogeometric collocation: Cost comparison with Galerkin 
methods and extension to adaptive hierarchical NURBS discretizations,” Computer Methods in Applied Mechanics and 
Engineering, vol. 267, pp. 170–232, Dec. 2013. http://www.sciencedirect.com/science/article/pii/S004578251300193X 

Advection skew to the mesh 
Initial – 225 dofs 1st step – 507 dofs 2nd step – 1,180 dofs 
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Advection skew to the mesh 
3rd step– 2,649 dofs 4th step – 4,984 dofs 5th step – 8,187 dofs 

Further numerical examples 

Advection-diffusion in a rotating pipe 
 

Forced rotational vortex and constant axial velocity 
leads to a helical plume from the localized 
concentration at the inflow 
 

•   Initial discretization consists of 4 patches of 
 9x9x50 quadratic NURBS elements  

•   Use again gradient based error estimator 

Observe: 
 

Adaptive IGA collocation based on 
hierarchical refinement of NURBS and 
weighted collocation can be extended 
to 3D solid elements in a 
straightforward manner 

D. Schillinger, J. A. Evans, A. Reali, M. A. Scott, and T. J. R. Hughes, “Isogeometric collocation: Cost comparison with Galerkin 
methods and extension to adaptive hierarchical NURBS discretizations,” Computer Methods in Applied Mechanics and 
Engineering, vol. 267, pp. 170–232, Dec. 2013. http://www.sciencedirect.com/science/article/pii/S004578251300193X 

Helical plume in a rotating cylinder 

•   Adaptive NURBS mesh, accurately 
 tracing the helical plume along the cylinder.  

 
•   The mesh has 104,017 dofs, as compared 

 to 921,600 dofs of a full uniform refinement. 

Initial  mesh 

Finest elements 
after 1st step 

Finest elements 
after 2nd step 

Helical plume in a rotating cylinder 

Collocation points on the surface Cloud of all collocation points 

D. Schillinger, J. A. Evans, A. Reali, M. A. Scott, and T. J. R. Hughes, “Isogeometric collocation: Cost comparison with Galerkin 
methods and extension to adaptive hierarchical NURBS discretizations,” Computer Methods in Applied Mechanics and 
Engineering, vol. 267, pp. 170–232, Dec. 2013. http://www.sciencedirect.com/science/article/pii/S004578251300193X 

•  Boundary element method 

•  Rods and beams, plates and shells  
–  w/wo rotational DOF  

•  Solid and structural mechanics 
–  Inf-sup stable spaces   

•  Nearly-incompressible elasticity  

•  Plasticity 

–  Gradient damage models 

–  Contact, sliding w/wo friction  

•  Fluid mechanics and FSI 

•  Biomedical applications  

•  Phase-field methods  
–  Navier-Stokes-Korteweg equations 

–  Fracture 

•  Shape and topology optimization 

•  Integration of modeling and analysis tools  
–  Analysis-suitable surface descriptions,  

      w/wo trim  

–  Analysis-suitable volume parameterizations 

      from CAD surfaces  

•  Design 

Research Progress: 
 

•  Spline spaces 
–  B-splines, NURBS 

–  Subdivision 

–  T-splines, LR B-splines 

–  Hierarchically refined splines 

–  Generalized splines 

•  Efficient local refinement methods 

•  Efficient quadrature  

•  Collocation 

•  Approximation theory!
–  Functional analysis 

•  h,p,k  error estimation 

–  Spectral analysis 

–  Kolmogorov n-widths 

–  Adaptivity  

•  Structure preserving methods 
–  Electromagnetics 

–  Navier-Stokes equations 

•  Immersed boundary methods 

•  Numerical linear algebra 

Collocation: Sliding Contact 

(a)  Faceted polynomial finite elements  
create problems in sliding contact. 

(b)  NURBS geometries can attain the  
smoothness of real bodies. 

Quadratic NURBS  
(De Lorenzis, et al., 2014) 
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Collocation vs. Galerkin 
1.  IGA-Collocation offers significant potential gains in efficiency compared 

with compared with IGA-Galerkin and FEA-Galerkin methods. 

2.  The difference between IGA-C and IGA-G / FEA-G is due to fewer point 
evaluations and considerably smaller cost per point evaluation. 
 

3.  The matrices are stable in all dimensions, e.g., no hourglass modes 

4.  Higher order IGA-C offers the best efficiency, especially if one is 
interested in derivative quantities, e.g., stresses. 

5.  IGA-C looks promising for explicit dynamics. 

6.  IGA-C is more efficient for even than for odd polynomial degrees, but that 
may change due to the work of Hector Gomez and Laura De Lorenzis. 

7.  IGA-C offers promising properties for the development of fast solver 
technology (e.g., reduced bandwidth, small band population). 

8.  A fruitful area of research.  Collocation miracles and collocation disasters. 

 
 
 

⚽ 

Galerkin:  Sliding Contact 

(a)  Faceted polynomial finite elements  
create problems in sliding contact. 

(b)  NURBS geometries can attain the  
smoothness of real bodies. 

Quadratic NURBS  
(Temizer, et al., 2011) 

Square Tube Buckling 

•  Standard benchmark for 
automobile crashworthiness 

•  Quarter symmetry 
•  Perturbation to initiate 

buckling mode 
•  J2 plasticity with linear 

isotropic hardening 

(LS DYNA, D. Benson et al.)  

Smooth Functions are Robust 
C3 quartics 

•  Boundary element methods 

•  Rods and beams, plates and shells  
–  w/wo rotational DOF  

•  Solid and structural mechanics 
–  Inf-sup stable spaces   

•  Nearly-incompressible elasticity  

•  Plasticity 

–  Gradient damage models 

–  Contact, sliding w/wo friction  

•  Fluid mechanics and FSI 

•  Biomedical applications  

•  Phase-field methods  
–  Navier-Stokes-Korteweg equations 

–  Fracture 

•  Shape and topology optimization 

•  Integration of modeling and analysis tools  
–  Analysis-suitable surface descriptions,  

      w/wo trim  

–  Analysis-suitable volume parameterizations 

      from CAD surfaces  

•  Design 

Research Progress: 
 

•  Spline spaces 
–  B-splines, NURBS 

–  Subdivision 

–  T-splines, LR B-splines 

–  Hierarchically refined splines 

–  Generalized splines 

•  Efficient local refinement methods 

•  Efficient quadrature  

•  Collocation 

•  Approximation theory!
–  Functional analysis 

•  h,p,k  error estimation 

–  Spectral analysis 

–  Kolmogorov n-widths 

–  Adaptivity  

•  Structure preserving methods 
–  Electromagnetics 

–  Navier-Stokes equations 

•  Immersed boundary methods 

•  Numerical linear algebra 

  Incompressibility –  B and F methods
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Potential energy

Π(u) = ψ (ε(u)) dΩ− u ⋅ f dΩ
Ω∫Ω∫ − u ⋅ hdΓ

Γh
∫

Strain energy

ψ (ε(u)) =
1
2

cijklε ij (u)εkl (u)

Modified strain tensor

ε (u) = εdev (u) + ε dil(u) = ε(u) − εdil(u) + π (εdil(u))
Modified strain energy

ψ (ε (u)) =
1
2

cijklε ij (u)εkl (u)

Modified potential energy

Π(u) = ψ (ε (u)) dΩ− u ⋅ f dΩ
Ω∫Ω∫ − u ⋅ hdΓ

Γh
∫

Variational equation

δ  Π = 0 = ε ij (w)cijklεkl (u) dΩ− w ⋅ f dΩ
Ω∫Ω∫ − w ⋅ hdΓ

Γh
∫

  B  method

    

Matrix counterpart

B = Bdev + Bdil 
Bdev = B − Bdil           
Bdil = π (Bdil)

k e = BTDB dΩ
Ωe
∫

      
is replaced by
      
k e = BTDB dΩ

Ωe
∫

    

π : Qp → Qp−1  is the L2  projector 

Qp   =  displacement space of degree p, continuity C p−1

Qp−1 =  projected space of degree p −1, continuity C p−2

Knot vectors:

Ξ p   = 0,0,...,0
p+1copies
!"# $# ,Ξint ,1,1,...,1

p+1copies
!"$

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
   

Ξ p−1 = 0,0,...,0
p copies
!"# $# ,Ξint ,1,1,...,1

p copies
!"$

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

    B  method:  Qp / Qp−1  NURBS elements

  B spaces for NURBS elements 

     

N A =  basis function for the displacement space 
!N A =  basis function for the projected space

Modified dilitational strain

ε ij
dil(u) = !NC

!MCD
−1 !N D ,ε ij

dil(u)( )
Ω

C ,D=1

!n

∑ ,  where  ε ij
dil(u) =

1
3
δ ijuk

A ∂N A

∂xk

Modified strain

ε ij = ε ij − ε ij
dil + ε ij

dil

ε ij (u) =
1
2

ui
A ∂N A

∂x j

+ uj
A ∂N A

∂xi

⎛

⎝
⎜

⎞

⎠
⎟ −

1
3
δ ijuk

A ∂N A

∂xk

+
1
3

δ ij
!NC
!MCD

−1 uk
A !N D

∂N A

∂xk

dΩ
Ω∫

C ,D=1

!n

∑

!M = !MCD
⎡⎣ ⎤⎦ ,  where !MCD = !NC

!N D dΩ
Ω∫ ,  is the mass matrix for the projected 

space.  !M  is sparse but its inverse is coupled on NURBS patches.

  B  method

 

 

Modeled by a finite quarter plate 

with exact boundary conditions 

 Infinite plate with a circular hole  Relative error in the L2 norm of stress 



8/29/16 

42 

   

Linear (sum) Nonlinear (product)

B F = ∂φ / ∂X

Bdil F dil = J1/3I
J = det F = det F dil

Bdev = B − Bdil F dev = (F dil)−1F
= F(F dil)−1

Bdil  (improved) F dil = (J1/3 )I   (improved)
(e.g., interpolated from
reduced quadrature pts.)

B = Bdev + Bdil F = F devF dil

= F(F dil)−1F dil

= FJ−1/3I(J1/3 )I
=  J1/3 / J1/3  ( )F

    Incompressibility:  B and F methods

P. Flory 1960s, T. Hughes 1970s, J. Simo 1980s, D.R.J. Owen 2000s 
    

Projection of J 1/3 :      J 1/3 = π (J 1/3) = !NC
!MCD

−1 !N D J 1/3 dΩ
Ω∫

C ,D=1

!n

∑
        
Modified potential energy for the finite-deformation case:

Π(u) = ψ (E(u)) dV − u ⋅ F dV
B∫B∫ − u ⋅ H dΓ

∂BH
∫

where   E =
1
2

F T F − I( )

Push-forward of the variational equation for the finite-deformation case:

0 = σ ij (w)ε ij (u) dv − w ⋅ f dv
ϕ ( B)∫ϕ ( B)∫ − w ⋅ hdγ

ϕ (∂BH )∫
where     σ = J −1PF T       P = FS        SIJ =

∂ψ (E)
∂EIJ

(E)

  F  method

    

One might expect the consistent linearized operator of the 
variational equation to be of the form:

wi, j  cijkl  uk ,l + wk , j  σ ij  uk ,i( )dv
ϕ ( B)∫

However, there are several additional terms, but it remains 
symmetric.1

1T. Elguedj, Y. Bazilevs, V.M. Calo, T.J.R. Hughes.  B and F  projection 
methods for nearly incompressible linear and nonlinear elasticity and 
plasticity using higher-order NURBS elements, Comput. Methods Appl. 
Mech. Engrg.,  Vol. 197, 2732-2762, 2008.

  F  method:  Consistent Linearization   F spaces for NURBS elements 

 Babuška-Brezzi (BB) Conditions 

       

a(wh ,uh ) + b(wh , ph ) =

b(uh ,qh ) −
1
λ

(qh , ph ) =
 

⎫

⎬
⎪

⎭
⎪

        

where  b wh , ph( ) =
def

−  ∇ ⋅wh , ph( )  .

There exist constants c1, c2  (independent  of h) such that 

(i) (K h ellipticity)

     a(wh ,wh ) ≥ c1 wh

V

2
   for all wh ∈K h, where

     K h = {wh | b(wh ,qh ) = 0 for all qh ∈P h} ;  and

(ii) For all qh ∈P h, there exists a wh ∈V h  such that 

    
b(wh ,qh )

wh

V

≥ c2 qh

P
 

I. Babuška          F. Brezzi 

 Torus subjected to a vertical pinching load   

The exact geometry is represented by quadratic NURBS 

The mesh consists of 4 x 16 x 4 elements 

  

R = 10 m    κ = 2.8333 ×103  MPa    µ = 5.67 MPa    (ν = 0.4998)
r = 8 m       p = 0.195 MPa
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Loading step 

Vertical displacement at point A vs loading step.   σ zz  stress with and without  F
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Hyperelastic-plastic Solids 

   

Hyperelastic extension of J 2  theory with polyconvex 
free energy and isotropic hardening law with saturation.

ψ (J e ,b e ) =
1
2
κ 1

2
((J e)2 −1) − ln J e⎛

⎝⎜
⎞
⎠⎟
+

1
2
µ trace b e⎡⎣ ⎤⎦ − 3( )

k(α ) = σ 0 + (σ∞ − σ 0 ) 1− exp(−δα )⎡⎣ ⎤⎦ + Kα

Shear modulus                               µ = 80.1938 MPa
Bulk modulus                                 κ = 164.21 MPa
Initial yield stress                          σ 0 = 0.450 MPa
Saturation yield stress                  σ∞ = 0.715 MPa
Saturation exponent                       δ = 16.93
Linear hardening coefficient           K = 0.12924 MPa

  F = 5 N/mm

Cook’s Membrane  Equivalent Plastic Strain 
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Number of elements per side 

Vertical Displacement Plane Strain Necking 

¼ is modeled due to symmetry. 

12.826 mm 

53
.3

34
 m

m
 

1.8% reduction 

Imposed 
displacement 
of 5 mm 

50 elements      200 elements 

0xu = 0xu =

0yu = 0yu =

radial 
disp. 

   

Radial Displacement for the 50 Element Mesh 

½ Reaction Force for the 50 Element Mesh 

   

                  Stresses and Equivalent Plastic Strain for 50 Element Mesh
                linear      quadratic       cubic             linear      quadratic       cubic

No F

F

                        σ yy                                          Equivalent plastic strain
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 Radial Displacement for the 200 Element Mesh ½ Reaction Force for the 200 Element Mesh 

   

                  Stresses and Equivalent Plastic Strain for 200 Element Mesh
                linear       quadratic      cubic             linear       quadratic      cubic

 No F

 F

                        σ yy                                          Equivalent plastic strain

3D Necking 

 

The diameter and 
height are the 
same as for the 2D 
case.  

 

Only 1/8 of the bar 
is modelled due to 
symmetry. 

 

3D Necking:  Radial Displacement 3D Necking:  Reaction Force 

The Q1/P0 result:  J.C. Simo & F. Armero. Geometrically non-linear 
enhanced strain mixed methods and the method of incompatible modes, 
Comput. Methods. Appl. Mech. Engng., vol. 33, p. 1413-1449, 1992. 
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•  Boundary element method 

•  Rods and beams, plates and shells  
–  w/wo rotational DOF  

•  Solid and structural mechanics 
–  Inf-sup stable spaces   

•  Nearly-incompressible elasticity  

•  Plasticity 

–  Gradient damage models 

–  Contact, sliding w/wo friction  

•  Fluid mechanics and FSI 

•  Biomedical applications  

•  Phase-field methods  
–  Navier-Stokes-Korteweg equations 

–  Fracture 

•  Shape and topology optimization 

•  Integration of modeling and analysis tools  
–  Analysis-suitable surface descriptions,  

      w/wo trim  

–  Analysis-suitable volume parameterizations 

      from CAD surfaces  

•  Design 

Research Progress: 
 

•  Spline spaces 
–  B-splines, NURBS 

–  Subdivision 

–  T-splines, LR B-splines 

–  Hierarchically refined splines 

–  Generalized splines 

•  Efficient local refinement methods 

•  Efficient quadrature  

•  Collocation 

•  Approximation theory!
–  Functional analysis 

•  h,p,k  error estimation 

–  Spectral analysis 

–  Kolmogorov n-widths 

–  Adaptivity  

•  Structure preserving methods 
–  Electromagnetics 

–  Navier-Stokes equations 

•  Immersed boundary methods 

•  Numerical linear algebra 

Isogeometric Analysis and Shell Theory 
Smooth basis functions facilitate: 
 
Rotation-free Kirchhoff-Love “thin” shell theory 

 J. Kiendl et al. 
 

Reissner-Mindlin “thick” shell theory 
 No shear locking, F. Cirak, M. Bischoff, J. Kiendl, etc. 
 And rotation-free, J. Kiendl et al., Oesterle et al. 

 
Blended shell theory  

 D. Benson et al., LS DYNA 
 

 
 
 
  

       

Isogeometric Analysis and Shell Theory 
Smooth basis functions facilitate: 
 
Rotation-free Kirchhoff-Love “thin” shell theory 

 J. Kiendl et al. 
 

Reissner-Mindlin “thick” shell theory 
 No shear locking, F. Cirak, M. Bischoff, J. Kiendl, etc. 
 And rotation-free, J. Kiendl et al., Oesterle et al. 

 
Blended shell theory  

 D. Benson et al., LS DYNA 
 

 
 
 
  

       

Outstanding issue:  Boundary conditions 

Isogeometric Analysis and Shell Theory 
Smooth basis functions facilitate: 
 
Rotation-free Kirchhoff-Love “thin” shell theory 

 J. Kiendl et al. 
 

Reissner-Mindlin “thick” shell theory 
 No shear locking, F. Cirak, M. Bischoff, J. Kiendl, etc. 
 And rotation-free, J. Kiendl et al., Oesterle et al. 

 
Blended shell theory  

 D. Benson et al., LS DYNA 
 

 
 
 
  

       

Outstanding issue:  Membrane – bending locking 

•  Boundary element method 

•  Rods and beams, plates and shells  
–  w/wo rotational DOF  

•  Solid and structural mechanics 
–  Inf-sup stable spaces   

•  Nearly-incompressible elasticity  

•  Plasticity 

–  Gradient damage models 

–  Contact, sliding w/wo friction  

•  Fluid mechanics and FSI 

•  Biomedical applications  

•  Phase-field methods  
–  Navier-Stokes-Korteweg equations 

–  Fracture 

•  Shape and topology optimization 

•  Integration of modeling and analysis tools  
–  Analysis-suitable surface descriptions,  

      w/wo trim  

–  Analysis-suitable volume parameterizations 

      from CAD surfaces  

•  Design 

Research Progress: 
 

•  Spline spaces 
–  B-splines, NURBS 

–  Subdivision 

–  T-splines, LR B-splines 

–  Hierarchically refined splines 

–  Generalized splines 

•  Efficient local refinement methods 

•  Efficient quadrature  

•  Collocation 

•  Approximation theory!
–  Functional analysis 

•  h,p,k  error estimation 

–  Spectral analysis 

–  Kolmogorov n-widths 

–  Adaptivity  

•  Structure preserving methods 
–  Electromagnetics 

–  Navier-Stokes equations 

•  Immersed boundary methods 

•  Numerical linear algebra 
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Aor9c	Valve	

aortic
leaflet

aortic
root

aorta

aortic
valve

left
ventricle

right
ventricle

“Patient-specific isogeometric structural analysis of aortic valve closure,” S. Morganti,  
F. Auricchio, D. Benson, F.I. Gambarin, S. Hartmann, TJRH, A. Reali, CMAME, 2015. 

Aortic Valve 

Aortic_valve 

Aortic Valve CTA	to	STL	file	

(a)  Primary	3D	reconstruc9on	obtained	using	OsiriX	

(b)  3D	specific	reconstruc9on	of	the	aor9c	root	aJer	cropping	and	segmenta9on		

(c)  STL	representa9on	of	the	extracted	region	of	interest.	

Mul9-patch	aor9c	valve	geometry	

non-coronary
leaflet

right-coronary
leaflet

left-coronary
leaflet

			Aor9c	root	subdivided	into	nine	NURBS	patches											Each	leaflet	represented	by	a	single	NURBS	patch	

NURBS	meshes	for	pa9ent-specific	aor9c	root	and	leaflets	

Coarse	mesh		
(762	control	points)	

Medium	mesh		
(2890	control	points)	

Fine	mesh		
(9396	control	points).	

	

1.  Kirchhoff-Love rotation-free shell theory for the aortic valve leaflets. 

2.  Reissner-Mindlin shell theory for the aortic root. 
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Coapta9on	Profile	

Coaptation
area

(a)

Free
margin

Coaptation
profile

CL
LEFT

max

CL
RIGHT

max

(a)  Longitudinal	sec9on	of	the	aor9c	valve	during	diastole	

(b)  Coapta9on	area,	the	leaflet	free	margin,	and	coapta9on	profile	for	one	leaflet	

IGA:		Coapta9on	Profile	with	LS-DYNA	

(a) (b) (c)

(a)	762	nodes																									(b)	2890	nodes																				(c)	9396	nodes	

FEA*:		Coapta9on	Profile	with	LS-DYNA	

(a)	6446	nodes													(b)	14329	nodes															(c)	37972	nodes												(d)	153646	nodes	

*Belytschko-Tsay four-node Reissner-Mindlin shell finite elements 

FEA*:		Coapta9on	Profile	with	LS-DYNA	

(a)	6446	nodes													(b)	14329	nodes															(c)	37972	nodes												(d)	153646	nodes	

*Belytschko-Tsay four-node Reissner-Mindlin shell finite elements 

Analysis # nodes # DOF Coaptation Length 

CLmax
 (left) [mm] CLmax

 (right) [mm] 
IGA 762 3708 9.30 9.40 

2890 19476 9.25 9.40 

9396 50496 9.30 9.35 

FEA 1112 6672 11.1 12.8 

3117 18702 10.8 10.2 

6446 38676 10.4 9.80 

14329 85974 9.70 9.70 

37972 227832 9.45 9.50 

153646 921876 9.30 9.35 

Coapta9on	length	for	IGA	and	FEA	

Analysis # Nodes # CPUs Time step # 
Increments 

Total 
analysis 

time 
IGA 762 12 2.30e-07 4347390 1h 15m 

FEA 153646 12 2.65e-08 37787314 550h 23m 

Solu9on	9mes	for	comparable	accuracy	
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Analysis # Nodes # CPUs Time step # 
Increments 

Total 
analysis 

time 
IGA 762 12 2.30e-07 4347390 1h 15m 

FEA 153646 12 2.65e-08 37787314 550h 23m 

Solu9on	9mes	for	comparable	accuracy	

Analysis # Nodes # CPUs Time step # 
Increments 

Total 
analysis 

time 
IGA 762 12 2.30e-07 4347390 1h 15m 

FEA 153646 12 2.65e-08 37787314 550h 23m 

Solu9on	9mes	for	comparable	accuracy	

Why is IGA so much faster than traditional FEA? 
 
1.  Much more accurate per degree of freedom. 

2.  Efficient dynamics, e.g., large time steps. 
 
3.  Quality of contact surface provided by smooth geometry and smooth basis functions. 

Closed-cell Carotid Artery Stent  Closed-cell Carotid Artery Stent  
 Force vs. DOF Force vs. Displacement 

Analysis # DOFs Degree Code #CPUs Total analysis time 
IGA 346,413 p = 3, 

q = r = 2 
FEAP 1    6 h 41 m 

FEA 10,622,016 p = q = r = 1 Abaqus 8  26 h 23 m 
F. Auricchio, M. Conti, M. Ferraro, S. Morganti, A. Reali, R.L.Taylor, CMAME (2015) 

FEA 

IGA 

•  Boundary element methods 

•  Rods and beams, plates and shells  
–  w/wo rotational DOF  

•  Solid and structural mechanics 
–  Inf-sup stable spaces   

•  Nearly-incompressible elasticity  

•  Plasticity 

–  Gradient damage models 

–  Contact, sliding w/wo friction  

•  Fluid mechanics and FSI 

•  Biomedical applications  

•  Phase-field methods  
–  Navier-Stokes-Korteweg equations 

–  Fracture 

•  Shape and topology optimization 

•  Integration of modeling and analysis tools  
–  Analysis-suitable surface descriptions,  

      w/wo trim  

–  Analysis-suitable volume parameterizations 

      from CAD surfaces  

•  Design 

Research Progress: 
 

•  Spline spaces 
–  B-splines, NURBS 

–  Subdivision 

–  T-splines, LR B-splines 

–  Hierarchically refined splines 

–  Generalized splines 

•  Efficient local refinement methods 

•  Efficient quadrature  

•  Collocation 

•  Approximation theory!
–  Functional analysis 

•  h,p,k  error estimation 

–  Spectral analysis 

–  Kolmogorov n-widths 

–  Adaptivity  

•  Structure preserving methods 
–  Electromagnetics 

–  Navier-Stokes equations 

•  Immersed boundary methods 

•  Numerical linear algebra 

Analysis Suitable IGA Technologies 

 
•  Water tight (i.e., no gaps, no overlaps, no holes, etc.)  No: Trim! 
•  Linearly independent  Yes 
•  Partition of unity property  Yes 
•  Affine covariance  Yes 
•  Pass standard patch tests  Yes 
•  Locally refinable  No  Yes!  Hierarchical refinement 
•  Accommodate extraordinary points (i.e., star points)  No 
•  Trimless option  No, but … 
•  Simply implemented in finite element analysis codes  Yes 
•  Designers must use them and, ideally, like them  Yes / No ? 

NURBS 
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Courtesy of Juan Santocono 

Modeling the Utah Teapot 

Courtesy Juan Santocono 

Modeling the Utah Teapot 
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Trim and surface-surface intersection 

Watertight Trimmed NURBS

Thomas W. Sederberg⇤
G. Thomas Finnigan‡

Brigham Young University

Xin Li†
University of Science and

Technology of China

Hongwei Lin§
Zhejiang University

Heather Ipson
Brigham Young University

Abstract

This paper addresses the long-standing problem of the unavoidable
gaps that arise when expressing the intersection of two NURBS sur-
faces using conventional trimmed-NURBS representation. The so-
lution converts each trimmed NURBS into an untrimmed T-Spline,
and then merges the untrimmed T-Splines into a single, watertight
model. The solution enables watertight fillets of NURBS models,
as well as arbitrary feature curves that do not have to follow iso-
parameter curves. The resulting T-Spline representation can be ex-
ported without error as a collection of NURBS surfaces.

CR Categories: I.3.5 [Computer Graphics]: Computational
geometry and object modeling—Curve, surface, solid, and object
representations

Keywords: Surface intersection, Booleans, NURBS, T-Splines

1 Introduction

The trimmed-NURBS modeling paradigm suffers from a serious
fundamental flaw: parametric trimming curves are mathematically
incapable of fulfilling their primary role, which is to represent the
curve of intersection between two NURBS surfaces. Consequently,
trimmed-NURBS models are not mathematically watertight, as il-
lustrated in Figure 1 in which trimming curves are used to express
the intersection between the body and spout of the Utah teapot
model. We use the term “watertight” to connote no unwanted gaps
or holes. That is, the surface is a gap-free 2-manifold in the neigh-
borhood of intersection curves.

This paper presents a two-step algorithm for representing the
Boolean combination of two NURBS objects as a single watertight
T-Spline. In the first step, each trimmed NURBS is converted into a
T-Spline without trimming curves, as illustrated in Figure 2.a. In the
second step, each pair of untrimmed T-Splines is merged along their
intersection curve into a gap-free T-Spline model, as illustrated in
Figure 2.b. The resulting model, shown in Figure 2.c is C2, except
at the C0 crease along the intersection curve. This T-Spline model
facilitates the creation of watertight fillets. The model in Figure 2.d
contains a C2 gap-free fillet between the body and spout.

Section 2 reviews the history and significance of the problem this
paper addresses, and reviews prior literature. Section 3 presents an
algorithm for converting a trimmed-NURBS into an untrimmed T-
Spline. Section 4 explains how to merge two NURBS or T-Spline

⇤tom@byu.edu ‡tomfinnigan@gmail.com
†xinliustc@gmail.com §hwlin@cad.zju.edu.cn

(a) Spout translated away from
body; intersection curve in white.

(b) Body and spout trimmed using
trimming curves.

(c) Trimmed body and spout trans-
lated back into original orientation

(d) Blowup of green rectangle in
(c), showing gap

Figure 1: Trimmed-NURBS Representation of the Utah Teapot.

(a) Body and spout converted to
untrimmed T-Splines

(b) Body and spout merged into a
single gap-free T-Spline.

(c) Gap-free T-Spline model (d) Gap-free C2 fillet.
Figure 2: Gap-free Teapot.

surfaces with mis-matched parametrizations. Section 5 details how
the algorithms presented in Sections 3 and 4 work together to create
watertight trimmed-NURBS models, and examines the approxima-
tion error. This section also discusses the creation of gap-free, C2

fillets and the placement of feature lines on a T-Spline surface that
are not aligned with iso-parameter curves. Section 6 summarizes.

2 Background

The fact that gaps are unavoidable in conventional trimmed-
NURBS mathematical models can be shown as follows. A trim-
ming curve is typically a degree-three NURBS curve defined in the
parameter domain of a NURBS surface. The image of such a trim-
ming curve on a bicubic patch (i.e., the curve on the bicubic patch in

T.W. Sederberg, G.T. Finnigan, X. Li, H. Lin, H. Ipson, Watertight Trimmed NURBS, ACM Trans. Graph. 27 (2008) 

Gaps and overlaps are  mathematically unavoidable 
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This paper addresses the long-standing problem of the unavoidable
gaps that arise when expressing the intersection of two NURBS sur-
faces using conventional trimmed-NURBS representation. The so-
lution converts each trimmed NURBS into an untrimmed T-Spline,
and then merges the untrimmed T-Splines into a single, watertight
model. The solution enables watertight fillets of NURBS models,
as well as arbitrary feature curves that do not have to follow iso-
parameter curves. The resulting T-Spline representation can be ex-
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1 Introduction

The trimmed-NURBS modeling paradigm suffers from a serious
fundamental flaw: parametric trimming curves are mathematically
incapable of fulfilling their primary role, which is to represent the
curve of intersection between two NURBS surfaces. Consequently,
trimmed-NURBS models are not mathematically watertight, as il-
lustrated in Figure 1 in which trimming curves are used to express
the intersection between the body and spout of the Utah teapot
model. We use the term “watertight” to connote no unwanted gaps
or holes. That is, the surface is a gap-free 2-manifold in the neigh-
borhood of intersection curves.

This paper presents a two-step algorithm for representing the
Boolean combination of two NURBS objects as a single watertight
T-Spline. In the first step, each trimmed NURBS is converted into a
T-Spline without trimming curves, as illustrated in Figure 2.a. In the
second step, each pair of untrimmed T-Splines is merged along their
intersection curve into a gap-free T-Spline model, as illustrated in
Figure 2.b. The resulting model, shown in Figure 2.c is C2, except
at the C0 crease along the intersection curve. This T-Spline model
facilitates the creation of watertight fillets. The model in Figure 2.d
contains a C2 gap-free fillet between the body and spout.

Section 2 reviews the history and significance of the problem this
paper addresses, and reviews prior literature. Section 3 presents an
algorithm for converting a trimmed-NURBS into an untrimmed T-
Spline. Section 4 explains how to merge two NURBS or T-Spline
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(a) Spout translated away from
body; intersection curve in white.

(b) Body and spout trimmed using
trimming curves.

(c) Trimmed body and spout trans-
lated back into original orientation

(d) Blowup of green rectangle in
(c), showing gap

Figure 1: Trimmed-NURBS Representation of the Utah Teapot.

(a) Body and spout converted to
untrimmed T-Splines

(b) Body and spout merged into a
single gap-free T-Spline.

(c) Gap-free T-Spline model (d) Gap-free C2 fillet.
Figure 2: Gap-free Teapot.

surfaces with mis-matched parametrizations. Section 5 details how
the algorithms presented in Sections 3 and 4 work together to create
watertight trimmed-NURBS models, and examines the approxima-
tion error. This section also discusses the creation of gap-free, C2

fillets and the placement of feature lines on a T-Spline surface that
are not aligned with iso-parameter curves. Section 6 summarizes.

2 Background

The fact that gaps are unavoidable in conventional trimmed-
NURBS mathematical models can be shown as follows. A trim-
ming curve is typically a degree-three NURBS curve defined in the
parameter domain of a NURBS surface. The image of such a trim-
ming curve on a bicubic patch (i.e., the curve on the bicubic patch in

Courtesy of Seth Holladay 

Ford Benchmark 

•  BREP model of the inner surface of car hood assembly 
•  2090 trimmed NURBS patches 
•  Lots of “dirty” geometry and sliver surfaces 
•  Not analysis-suitable 

M. Scott et al. 2015 
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Geometry Repair 

Defeaturing 

Mesh 
Generation Analysis 

Traditional Analysis Approach 
CAD model (Trimmed NURBS based B-Rep model) 

M. Breitenberger, A. Apostolatos, B. Philipp, R. Wüchner, K.-U. Bletzinger,  
Analysis in computer aided design: Nonlinear isogeometric B-Rep analysis of shell structures,  
Comput. Methods Appl. Mech. Engrg. 284 (2015) 401-457. http://dx.doi.org/10.1016/j.cma.2014.09.033 

Isogeometric B-Rep Analysis (IBRA) 

CAD model 

analysis model 

deformed CAD model 

M. Breitenberger, A. Apostolatos, B. Philipp, R. Wüchner, K.-U. Bletzinger,  
Analysis in computer aided design: Nonlinear isogeometric B-Rep analysis of shell structures,  
Comput. Methods Appl. Mech. Engrg. 284 (2015) 401-457. http://dx.doi.org/10.1016/j.cma.2014.09.033 

Isogeometric B-Rep Analysis (IBRA) 

CAD model 

Analysis model 

Deformed CAD model 

M. Breitenberger, A. Apostolatos, B. Philipp, R. Wüchner, K.-U. Bletzinger,  
Analysis in computer aided design: Nonlinear isogeometric B-Rep analysis of shell structures,  
Comput. Methods Appl. Mech. Engrg. 284 (2015) 401-457. http://dx.doi.org/10.1016/j.cma.2014.09.033 

Outstanding issue:  Efficient quadrature 

Direct Analysis of Trimmed CAD File 
•  Automobile roof rail three-point bending test 

•  D. Benson, A. Nagy, 2014 

Rationale for Weakly Continuous Geometry 

•  Variational methods of analysis only achieve weak 
satisfaction of partial differential equations and 
boundary, interface, and contact conditions. 

•  Can we simplify model development with weak 
satisfaction of geometric continuity? 

•  Idea:   
–  For a given CAD geometry, extract Bézier elements that 

directly enforce weak continuity. 

Non-manifold	assembly,	M.	Scoc	et	al.,	in	collabora9on	with	the	American	Bureau	of	Shipping	
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Non-manifold Convergence Test 

Curve of displacement and rotation continuity: 
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Non-manifold Convergence Test 

Strong and weak continuity produce  
equivalent results 

Weakly Continuous Geometry 
•  Weakly continuous geometry and local adaptive refinement: 

•  All operations done within the CAD geometry. 
•  Extracted Bézier element file is analysis ready. 
•  Nothing is required by the solver, e.g., no penalties, no 

Lagrange multipliers, no mortars, etc. 
•  Challenge:  Generalization to volumes. 

•  Boundary element methods 

•  Rods and beams, plates and shells  
–  w/wo rotational DOF  

•  Solid and structural mechanics 
–  Inf-sup stable spaces   

•  Nearly-incompressible elasticity  

•  Plasticity 

–  Gradient damage models 

–  Contact, sliding w/wo friction  

•  Fluid mechanics and FSI 

•  Biomedical applications  

•  Phase-field methods  
–  Navier-Stokes-Korteweg equations 

–  Fracture 

•  Shape and topology optimization 

•  Integration of modeling and analysis tools  
–  Analysis-suitable surface descriptions,  

      w/wo trim  

–  Analysis-suitable volume parameterizations 

      from CAD surfaces  

•  Design 

Research Progress: 
 

•  Spline spaces 
–  B-splines, NURBS 

–  Subdivision 

–  T-splines, LR B-splines 

–  Hierarchically refined splines 

–  Generalized splines 

•  Efficient local refinement methods 

•  Efficient quadrature  

•  Collocation 

•  Approximation theory!
–  Functional analysis 

•  h,p,k  error estimation 

–  Spectral analysis 

–  Kolmogorov n-widths 

–  Adaptivity  

•  Structure preserving methods 
–  Electromagnetics 

–  Navier-Stokes equations 

•  Immersed boundary methods 

•  Numerical linear algebra 

Analysis Suitable IGA Technologies 

 
•  Water tight (i.e., no gaps, no overlaps, no holes, etc.)  Yes 
•  Linearly independent  Yes 
•  Partition of unity property  Yes 
•  Affine covariance  Yes 
•  Pass standard patch tests  Yes 
•  Locally refinable  Yes 
•  Accommodate extraordinary points (i.e., star points)  Yes, but …  
•  Trimless option  Yes 
•  Simply implemented in finite element analysis codes  Yes 
•  Designers must use them and, ideally, like them  Yes 

 

T-splines  

M. Scott, T. Sederberg  

T-splines (T. Sederberg) 
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   Unstructured NURBS Mesh Reduced Number of Control Points 

  Trimmed NURBS         Untrimmed T-spline 

Water-tight merging of patches 

Water-tight untrimmed T-spline 
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Courtesy of Seth Holladay 

Reno Air Racer 

Courtesy of Sky Greenawalt 

T-splines 

Courtesy of Sky Greenawalt 

Outstanding Issue:  Extraordinary Points 

  
M. Scott, T. Sederberg  

Valence 3 Valence 5 

Extraordinary Points: 
A Research Frontier in CAD and Analysis 

"  Extraordinary points not acceptable in 
most class A surfaces 

"  Approximation properties are deficient and 
poorly understood 

"  No methodology accommodates highly 
non-uniform knot intervals  

"  No methodology exists for local refinement 
"  No results for volumes containing smooth 

extraordinary features 



8/29/16 

57 

Local Refinement with T-splines Local Refinement with T-splines 

Refinement of Bezier Elements  
and Additional Control Points 

Refinement of Bezier Elements  
and Additional Control Points 

Water-tight Merging of Patches Ford Benchmark 

•  Single, smooth, watertight T-spline model of the car hood  
    designed by Juan Santocono 
•  No coaching on analysis model requirements 
•  T-spline used directly in analysis by extracting Bézier  
     element file 
•  Eliminates all geometry cleanup and mesh generation steps 
M. Scott et al. 2015 
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Ford Benchmark 

•  Single, smooth, watertight T-spline model of the car hood  
    designed by Juan Santocono 
•  No coaching on analysis model requirements 
•  T-spline used directly in analysis by extracting Bézier  
     element file 
•  Eliminates all geometry cleanup and mesh generation steps 

Outstanding issue: “Extraordinary points”  

M. Scott et al. 2015 

Building IGA Models in Rhino 
"  IGA models can be defined and exported directly from Rhino 

using T-splines 
"  T-spline surfaces of any topological or geometric complexity supported 
"  Boundary condition sets can be defined over the exact geometry 
"  Analysis models can be defined and exported automatically for use in 

isogeometric FEM, BEM, and collocation (exports *.iga files) 
"  Based on Bézier extraction paradigm 

"  Commercial release of analysis-capable T-spline plugin for Rhino  
"  Free for academic use 
"  Actively adding more design-through-analysis features 
"  Will migrate into other Autodesk products 

"  Interested individuals should contact Michael Scott 
michael.scott@byu.edu  

Bézier 
Extraction 

k-refinement 

h,p-refinement 

Isogeometric 
Analysis 

FEA 

T-splines 

B-splines, 
NURBS 

Catmull-Clark 
SUBD 

Béziers 

M. Borden, M.Scott et al. 
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 Extraction Operator:  Mapping Between 
Bézier Elements and T-splines (or NURBS) 

 N2  = C2B

  Q2  = (C2)T P2

Bézier element 

Bernstein basis 

Physical space 

B-spline basis 

M. Borden, M.Scott et al. 
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 Extraction Operator:  Mapping Between 
Bézier Elements and T-splines (or NURBS) 

 N2  = C2B

  Q2  = (C2)T P2

Bézier element 

Bernstein basis 

Physical space 

B-spline basis 

M. Borden, M.Scott et al. 

Bézier Projection  (D. Thomas): 
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Bezier Decomposition: Repeated 
Knot Insertion 
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Ξ = {0,0,0,0,1,2,3,4,4,4,4}

Bezier Decomposition: Repeated 
Knot Insertion 

Ξ = {0,0,0,0,1,1,2,3,4,4,4,4}

Bezier Decomposition: Repeated 
Knot Insertion 

Ξ = {0,0,0,0,1,1,1,2,3,4,4,4, 4}

Bezier Decomposition: Repeated 
Knot Insertion 

Ξ = {0,0,0,0,1,1,1,2,2,3,4,4,4,4}

Bezier Decomposition: Repeated 
Knot Insertion 

Ξ = {0,0,0,0,1,1,1,2,2,2,3,4,4,4,4}

Bezier Decomposition: Repeated 
Knot Insertion 

Ξ = {0,0,0,0,1,1,1,2,2,2,3,3,4,4,4,4}
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Bezier Decomposition: Repeated 
Knot Insertion 

Ξ = {0,0,0,0,1,1,1,2,2,2,3,3, 3,4, 4,4,4}

Cubic Bezier Element 
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 Element Shape Function Routine: 
Bezier Element Perspective 
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Design-through-analysis:  Surfaces 
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Courtesy of Juan Santocono 

D. Benson, LS DYNA 

Mode 9 

S. Kolling, Mercedez Benz 

 

•  Rods and beams, plates and shells  
–  w/wo rotational DOF  

•  Solid mechanics 
–  Inf-sup stable spaces   

•  Nearly-incompressible elasticity  

•  Plasticity 

–  Gradient damage models 

–  Contact, sliding w/wo friction  

•  Fluid mechanics and FSI 

•  Biomedical applications  

•  Phase-field methods  
–  Navier-Stokes-Korteweg equations 

–  Fracture 

•  Shape and topology optimization 

•  Integration of modeling and analysis tools  
–  Analysis-suitable surface descriptions,  

      w/wo trim  

–  Analysis-suitable volume parameterizations 

      from CAD surfaces  

•  Design 

Research Progress: 
 

•  Spline spaces 
–  B-splines, NURBS 

–  Subdivision 

–  T-splines, LR B-splines 

–  Hierarchically refined splines 

–  Generalized splines 

•  Efficient local refinement methods 

•  Efficient quadrature  

•  Collocation 

•  Approximation theory!
–  Functional analysis 

•  h,p,k  error estimation 

–  Spectral analysis 

–  Kolmogorov n-widths 

–  Adaptivity  

•  Structure preserving methods 
–  Electromagnetics 

–  Navier-Stokes equations 

•  Immersed boundary methods 

•  Numerical linear algebra 

 

•  Hierarchical B-splines and immersed T-spline surfaces   
 (D. Schillinger et al.) 

 
•  BEM with T-splines  (R. Simpson, M. Scott, M. Taus, Athens Naval Architecture group, etc.) 
 
•  Volumetric T-splines (Y. “Jessica” Zhang) 

•  Surface triangulations and surface T-splines 
•  Polycubes 
•  Boolean operations 
•  Presentation: 

•  http://jessicaz.me.cmu.edu/MeshTspline_IMR2015.pdf 
•  Text:    

https://www.crcpress.com/Geometric-Modeling-and-Mesh-Generation-from-Scanned-
Images/Zhang/p/book/9781482227765 

•  “Rhino 3D to Abaqus: A T-spline Based Isogeometric Analysis Software Frame work,” 
book chapter, to appear. 

•  http://www.andrew.cmu.edu/user/jessicaz/ 
 

•  Other possibilities, e.g., blending splines with  
•  Meshless basis functions (J.S. Chen and Y. Bazilevs) 
•  MaxEnt basis functions (N.Sukumar and M. Arroyo) 

 

  
  

  

Volume Parameterizations 

⚽ 

⚽ 

⚽ 

⚽ 
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•  Boundary element method 

•  Rods and beams, plates and shells  
–  w/wo rotational DOF  

•  Solid and structural mechanics 
–  Inf-sup stable spaces   

•  Nearly-incompressible elasticity  

•  Plasticity 

–  Gradient damage models 

–  Contact, sliding w/wo friction  

•  Fluid mechanics and FSI 

•  Biomedical applications  

•  Phase-field methods  
–  Navier-Stokes-Korteweg equations 

–  Fracture 

•  Shape and topology optimization 

•  Integration of modeling and analysis tools  
–  Analysis-suitable surface descriptions,  

      w/wo trim  

–  Analysis-suitable volume parameterizations 

      from CAD surfaces  

•  Design 

Research Progress: 
 

•  Spline spaces 
–  B-splines, NURBS 

–  Subdivision 

–  T-splines, LR B-splines 

–  Hierarchically refined splines 

–  Generalized splines 

•  Efficient local refinement methods 

•  Efficient quadrature  

•  Collocation 

•  Approximation theory!
–  Functional analysis 

•  h,p,k  error estimation 

–  Spectral analysis 

–  Kolmogorov n-widths 

–  Adaptivity  

•  Structure preserving methods 
–  Electromagnetics 

–  Navier-Stokes equations 

•  Immersed boundary methods 

•  Numerical linear algebra 

Hierarchical B-splines & Immersed Boundary Techniques: 
A technology of use in isogeometric analysis of trimmed objects 

 

D.Schillinger et al., 2013 

FCM –  
Finite Cell Method 
E. Rank, A. Düster, et al. 

Trim! 

Convergence of Circumferential Stress   

Convergence of x-component of Stress 

D.Schillinger et al., 2013 

6 x 6 12 x 12 24 x 24 

Convergence of Circumferential Stress   

Convergence of x-component of Stress 

D.Schillinger et al., 2013 

6 x 6 12 x 12 24 x 24 

Outstanding issue:  Efficient quadrature 

•  Boundary element method 

•  Rods and beams, plates and shells  
–  w/wo rotational DOF  

•  Solid and structural mechanics 
–  Inf-sup stable spaces   

•  Nearly-incompressible elasticity  

•  Plasticity 

–  Gradient damage models 

–  Contact, sliding w/wo friction  

•  Fluid mechanics and FSI 

•  Biomedical applications  

•  Phase-field methods  
–  Navier-Stokes-Korteweg equations 

–  Fracture 

•  Shape and topology optimization 

•  Integration of modeling and analysis tools  
–  Analysis-suitable surface descriptions,  

      w/wo trim  

–  Analysis-suitable volume parameterizations 

      from CAD surfaces  

•  Design 

Research Progress: 
 

•  Spline spaces 
–  B-splines, NURBS 

–  Subdivision 

–  T-splines, LR B-splines 

–  Hierarchically refined splines 

–  Generalized splines 

•  Efficient local refinement methods 

•  Efficient quadrature  

•  Collocation 

•  Approximation theory!
–  Functional analysis 

•  h,p,k  error estimation 

–  Spectral analysis 

–  Kolmogorov n-widths 

–  Adaptivity  

•  Structure preserving methods 
–  Electromagnetics 

–  Navier-Stokes equations 

•  Immersed boundary methods 

•  Numerical linear algebra 
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T-spline surface 

D.Schillinger et al., 2013 

D.Schillinger et al., 2013 

•  Boundary element methods 

•  Rods and beams, plates and shells  
–  w/wo rotational DOF  

•  Solid and structural mechanics 
–  Inf-sup stable spaces   

•  Nearly-incompressible elasticity  

•  Plasticity 

–  Gradient damage models 

–  Contact, sliding w/wo friction  

•  Fluid mechanics and FSI 

•  Biomedical applications  

•  Phase-field methods  
–  Navier-Stokes-Korteweg equations 

–  Fracture 

•  Shape and topology optimization 

•  Integration of modeling and analysis tools  
–  Analysis-suitable surface descriptions,  

      w/wo trim  

–  Analysis-suitable volume parameterizations 

      from CAD surfaces  

•  Design 

Research Progress: 
 

•  Spline spaces 
–  B-splines, NURBS 

–  Subdivision 

–  T-splines, LR B-splines 

–  Hierarchically refined splines 

–  Generalized splines 

•  Efficient local refinement methods 

•  Efficient quadrature  

•  Collocation 

•  Approximation theory!
–  Functional analysis 

•  h,p,k  error estimation 

–  Spectral analysis 

–  Kolmogorov n-widths 

–  Adaptivity  

•  Structure preserving methods 
–  Electromagnetics 

–  Navier-Stokes equations 

•  Immersed boundary methods 

•  Numerical linear algebra 

IGA Renaissance in  
Boundary Element Methods 

BEM with T-splines:       
Spherical Hole in an Infinite Elastic Medium 

BEM with T-splines:       
Spherical Hole in an Infinite Elastic Medium 
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Stresses on Coarsest Mesh 

   

Sampled along the line 
R = 0.5,  θ = 0,  0 ≤ β ≤ π

Acoustic Scattering 
Plane wave impinged upon a hard sphere 

M. Scott & R. Simpson 

Lagrange p=3 

NURBS / T-splines p=3 

Acoustic Scattering 

M. Scott & R. Simpson 

Plane wave impinging on a hard sphere (error) 

Acoustic Scattering 

M. Scott & R. Simpson 

Lagrange 1794 dof 

T-spline 266 dof 

Many NURBS One T-spline 

Arbitrary Topology  BEM with T-splines:  Propeller Design 

M. Scott, R. Simpson, et al. 
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 Propeller:  Von Mises Stresses 

M.Scott, M. Taus, et al.  

 Propeller:  Von Mises Stresses 

M.Scott, M. Taus, et al.  

Outstanding issues: 
1.  Efficient quadrature 
2.  Efficient equation solvers 

Probe Scattering Experiment 

T-spline discretization 

M. Scott & R. Simpson 

plane wave 

Probe Scattering Experiment 

M. Scott & R. Simpson 

Integrated design & analysis 

Probe Scattering Experiment 

M. Scott & R. Simpson 

T-spline IGA-BEM wave resistance solver 

We adopt the Neumann-Kelvin model 
•  uniform stream of an ideal fluid with a free surface incident with velocity 

along the x-axis upon a surface piercing body D 
•  the velocity potential         at point     is decomposed as follows: 

      where          is the so-called disturbance potential 
   

( )Φ P

K.A. Belibassakis, Th.P. Gerostathis, K.V. Kostas, C.G. Politis, 
P.D. Kaklis, A.I. Ginnis, C. Feurer, 2013, “A BEM-ISOGEOMETRIC 
method for the ship wave-resistance problem”,  
J. Ocean Engineering, volume 60, pp. 53-67 
 
A.I. Ginnis, K.V. Kostas, C.G. Politis, P.D. Kaklis, K.A. 
Belibassakis, Th.P. Gerostathis, M.A. Scott and T.J.R Hughes 
“Isogeometric Boundary-Element Analysis for the 
Wave-Resistance Problem using T-splines”, Computer Methods in 
Applied Mechanics and Engineering, accepted for publication. 

U

( ) ( )ϕΦ = ⋅ +P U x P

P

( )ϕ P
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Hull Generation Overview  
1.  Parametric definition of the Control Cage 
2.  Usage of T-spline plugin functionality (tsFromLines) and automatic 

tangency handles manipulation 
3.  Resulting single T-spline surface representation of the ship hull 
 

 

Efficiency of T-spline BEM Solver (ship-hull) 

T-spline NURBS 

Optimization of bulbous bow shape The final T-spline hull surface 
The final surface is C2 except at extraordinary points,  

Finite element 
analysis 

IsoGeometric Product Development Process: 
Expansion of the Vision 

Design Concept Validation (CAD) Manufacturing Physical product 

Marketing 
Solu9on:		
	
• 	A	unique	geometric		
descrip9on	using	T-splines	

Isogeometric finite 
element analysis 

M. Sederberg, Autodesk: “Fusion” recently released with T-splines, approx. 32,000 licences 

Input surface triangle mesh Mapping Surface T-spline 

Volumetric T-mesh Volumetric Bézier elements Volumetric T-spline Volumetric Bézier elements 

Cow 

Y. Zhang 
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Gear Assembly 

The input unstructured 
hexahedral mesh 

The constructed solid T-
spline and T-mesh 

The extracted solid Bézier 
elements with some elements 
removed 

The solid T-spline 

Y. Zhang 
Y. Zhang 

Propeller		

Input	surface	T-spline	

Volumetric	T-mesh	

Volumetric	Bézier	elements	
Volumetric	T-spline	 Volumetric	Bézier	elements	

Boolean Operations 

(a) A harmonic field; (b) splitting result; (c) Boolean operations; (d) mapping results; (e) solid T-spline with 
T-mesh; (f) some elements are removed to show the interior. 

(a) (e) (d) (b) (c) 

(a) (b) (f) (e) (c) (d) 

Y. Zhang 

Boolean Operations 

(a) A harmonic field; (b) splitting result; (c) Boolean operations; (d) mapping results; (e) solid T-spline with 
T-mesh; (f) some elements are removed to show the interior. 

(a) (e) (d) (b) (c) 

(a) (b) (f) (e) (c) (d) 

Y. Zhang Outstanding issue:  Boolean operations with trimmed T-splines 

Blending B-Splines and Max-Ent:  Basis Functions 

blended basis 
function 

 (Rosolen and Arroyo, CMAME, 2013) 

 max-ent basis 
function 

IGA basis 
function 

Blending B-Splines and Max-Ent:  Key Ideas 

�  Define a narrow isogeometric 
patch next to the boundary, 
with the sole objective of 
defining IGA boundary basis 
functions 

� Populate domain with meshfree nodes, and solve max-ent 
opt. problem in which IGA basis functions are taken as data 

support of boundary 
IGA basis functions 

 (Rosolen and Arroyo, CMAME, 2013) 

N. Sukumar, M. Arroyo 
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•  Boundary element methods 

•  Rods and beams, plates and shells  
–  w/wo rotational DOF  

•  Solid and structural mechanics 
–  Inf-sup stable spaces   

•  Nearly-incompressible elasticity  

•  Plasticity 

–  Gradient damage models 

–  Contact, sliding w/wo friction  

•  Fluid mechanics and FSI 

•  Biomedical applications  

•  Phase-field methods  
–  Navier-Stokes-Korteweg equations 

–  Fracture 

•  Shape and topology optimization 

•  Integration of modeling and analysis tools  
–  Analysis-suitable surface descriptions,  

      w/wo trim  

–  Analysis-suitable volume parameterizations 

      from CAD surfaces  

•  Design 

Research Progress: 
 

•  Spline spaces 
–  B-splines, NURBS 

–  Subdivision 

–  T-splines, LR B-splines 

–  Hierarchically refined splines 

–  Generalized splines 

•  Efficient local refinement methods 

•  Efficient quadrature  

•  Collocation 

•  Approximation theory!
–  Functional analysis 

•  h,p,k  error estimation 

–  Spectral analysis 

–  Kolmogorov n-widths 

–  Adaptivity  

•  Structure preserving methods 
–  Electromagnetics 

–  Navier-Stokes equations 

•  Immersed boundary methods 

•  Numerical linear algebra 

Techniques for FSI 
Boundary-fitted (ALE) Immersed-boundary 

Body-Fitted & Immersed Methods for FSI 

•  Advantages:  
–  Fast and efficient 
–  No meshing or mesh movement (distortion) issues 
–  More easily handles changes of topology (contact)  
–  Ideal for Isogeometric Analysis 

•  Disadvantages:  
–  Accuracy near the interface (High Re?) 
–  Integrating elements cut by object boundaries  
–  Preserving well-conditioned system matrices 
–  Imposing Dirichlet boundary conditions  

Immersed Method 

Periodic inflow 

Fluid domain 

Solid wall 

From Wall �06, Tezduyar �07 

  Balloon Containing an Incompressible Fluid 

 
 
(Re = 4 x 105) 
 

(a) Top view (b) Bottom view 

Balloon Containing an Incompressible Fluid 
 

"  Arbitrary Lagrangian- Eulerian (ALE) description 
"  Quadratic NURBS for both solid and fluid 

"  Boundary layer meshing 

Movie goes here 
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Stationary domain

Sliding interface

Rotating domain

Knot lines

Integration over the

sliding interface mesh

- knots
- quadrature pointsX

  
  
  
  
  
 X

  
  
  
  
  

  
  
   

X
   

   
   

    
    

X      
          X

                   X

No-slip walls

Line of geometric symmetry

Sliding interfaces

R

45

5

1    1.5    1.5       3.071

Floating Wind-Turbine FSI 

J. Yan, A. Korobenko, X. Deng, Y. Bazilevs, “Computational free-surface fluid-structure 
interaction with applications to offshore floating wind turbines”, Computers and Fluids, 
(2016).  

Floating Wind-Turbine FSI 
 

Tidal-Stream Turbine CFD with Free-Surface Flow 

J. Yan, X. Deng, A. Korobenko, Y. Bazilevs, “Hydrodynamics and free-surface modeling 
of tidal-stream turbines,” Computers and Fluids, (2016). 
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Tidal-Stream Turbine CFD with Free-Surface Flow 
 
 

  Medical Imaging:  Computed Tomography (CT) 

(a) Volume rendering (b) Isocontouring (c) Surface model & path 

Abdominal Aorta 

(d) Control mesh (f) Simulation results (e) Solid NURBS 

Abdominal Aorta 

(a) Surface model and path (b) Control mesh (d) Simulation results (c) Solid NURBS 

LVAD 

Thoracic Aorta 
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•  Boundary element methods 

•  Rods and beams, plates and shells  
–  w/wo rotational DOF  

•  Solid and structural mechanics 
–  Inf-sup stable spaces   

•  Nearly-incompressible elasticity  

•  Plasticity 

–  Gradient damage models 

–  Contact, sliding w/wo friction  

•  Fluid mechanics and FSI 

•  Biomedical applications  

•  Phase-field methods  
–  Navier-Stokes-Korteweg equations 

–  Fracture 

•  Shape and topology optimization 

•  Integration of modeling and analysis tools  
–  Analysis-suitable surface descriptions,  

      w/wo trim  

–  Analysis-suitable volume parameterizations 

      from CAD surfaces  

•  Design 

Research Progress: 
 

•  Spline spaces 
–  B-splines, NURBS 

–  Subdivision 

–  T-splines, LR B-splines 

–  Hierarchically refined splines 

–  Generalized splines 

•  Efficient local refinement methods 

•  Efficient quadrature  

•  Collocation 

•  Approximation theory!
–  Functional analysis 

•  h,p,k  error estimation 

–  Spectral analysis 

–  Kolmogorov n-widths 

–  Adaptivity  

•  Structure preserving methods 
–  Electromagnetics 

–  Navier-Stokes equations 

•  Immersed boundary methods 

•  Numerical linear algebra 
M.-C. Hsu, S. Morganti, A. Reali, F. Auricchio, J. Kiendl, D. Kamensky, M. Sacks, et al. 2016 

ALE / Immersed Kirchhoff-Love Shell 

Patient-specific volumetric NURBS artery wall  

Bioprosthetic Heart Valve Bioprosthetic Heart Valve 
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M.-C. Hsu, D. Kamensky 

Heart Valve Parametric Design 

M.-C. Hsu, A. Herrema, et al., 2015   

NURBS T-spline 

M.-C. Hsu, A. Herrema, et al., 2015   + M. Sacks, D. Kamensky, et al., 2015   

Static closing analysis of different designs 

ALE / Immersed Kirchhoff-Love Shell 

Volumetiric NURBS artery wall  
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•  Boundary element methods 

•  Rods and beams, plates and shells  
–  w/wo rotational DOF  

•  Solid and structural mechanics 
–  Inf-sup stable spaces   

•  Nearly-incompressible elasticity  

•  Plasticity 

–  Gradient damage models 

–  Contact, sliding w/wo friction  

•  Fluid mechanics and FSI 

•  Biomedical applications  

•  Phase-field methods  
–  Navier-Stokes-Korteweg equations 

–  Fracture 

•  Shape and topology optimization 

•  Integration of modeling and analysis tools  
–  Analysis-suitable surface descriptions,  

      w/wo trim  

–  Analysis-suitable volume parameterizations 

      from CAD surfaces  

•  Design 

Research Progress: 
 

•  Spline spaces 
–  B-splines, NURBS 

–  Subdivision 

–  T-splines, LR B-splines 

–  Hierarchically refined splines 

–  Generalized splines 

•  Efficient local refinement methods 

•  Efficient quadrature  

•  Collocation 

•  Approximation theory!
–  Functional analysis 

•  h,p,k  error estimation 

–  Spectral analysis 

–  Kolmogorov n-widths 

–  Adaptivity  

•  Structure preserving methods 
–  Electromagnetics 

–  Navier-Stokes equations 

•  Immersed boundary methods 

•  Numerical linear algebra 

Boiling 
•  NOVA, a science TV show:  

•  Does mathematics explain the physical world? 
•  One man’s opinion:   

•  “No!  One of the things it cannot simulate is boiling” 

•  Navier-Stokes-Korteweg equations – 3rd derivatives 

Ju Liu does not agree 

Three-dimensional Boiling (J. Liu et al.) 

• Ω=(0,1) × (0,0.5) × (0,0.25);

• 600 × 300 ×150 uniform quadratic NURBS, Δt = 2.0 ×10−3, and T = 20.0;

• µ = 1.289 ×10−4ρ  and κ=7.732 ×10−5ρ;
•∇ρ ⋅n = 0 and slip boundary condition for u on ∂Ω.

  θ = θc (x) = 0.775 +δ1θ(x)

  θ = θh(x) = 0.850 +δ 2θ(x)

Three-dimensional Boiling (J. Liu et al.) 

t = 4.0t =0.2

t =8.0 t =12.0

Condensation 

Three-dimensional Boiling (J. Liu et al.) Three-dimensional Boiling (J. Liu et al.) 

t = 4.0t =0.2

t =8.0 t =12.0
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Three-dimensional Boiling (J.Liu et al.) 
Is Isogeometric Analysis of use in 

fracture mechanics? 

Fracture Models   

•  Discrete models (XFEM, 
element deletion, cohesive 
segment, …) 
– Tracking “few” discrete cracks 

•  Smeared models (higher-order 
PDEs) 
– Averaging “many” small cracks 
– No boundary tracking 

Isogeometric Analysis:  C. Verhoosel, M. Scott, M. Borden, R. de Borst, T.J.R. Hughes 

Cohesive Zone Analysis of  
Discrete Cracks 

Single Fiber Debonding Experiment 
Problem description: 
 
•  Fiber embedded in epoxy 

•  Plane-strain isotropic linear 
elasticity 

•  Xu-Needleman adhesive 
 fracture law 

 
Discretization: 
 
•  Quadratic NURBS patch 

•  Mesh refinements 

Single Fiber Debonding Experiment 

Results: 
 
•  Accurate solution with only 32 

elements (144 DOF) 

•  Compares favorably with X-
FEM (>1000 DOF) 

•  Continuous stresses 

•  Discontinuity in displacements 
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Double Cantilever Beam 
Problem description: 
 
•  Two cantilevers bonded by 

 adhesive layer 
•  Initial notch to trigger 

 nucleation 
•  Plane-stress isotropic linear 

 elasticity 
•  Xu-Needleman adhesive 

 fracture law 
•  Exponentially decaying 

 mode-I cohesive law 
 
Discretization: 
 
•  Cubic T-spline meshes 

Double Cantilever Beam 

Single Edge-notched Beam 

Problem description: 
•  Beam with initial notch 
•  Plane-strain isotropic 

linear elasticity 
•  Exponentially decaying 

 mode-I cohesive law 
 
Discretization: 
•  Cubic T-spline meshes 

Single Edge-notched Beam 

 
•  Discontinuities created by means of knot insertion 

•  NURBS patches used to describe pre-defined discontinuity 
 boundaries 

•  T-spline meshes with local knot insertion used to model 
 propagating cracks 

•  Very good performance compared to other element 
 technologies (such as X-FEM) 

 

Cohesive Zone Modeling of 
Discrete Cracks 

•  Boundary element methods 

•  Rods and beams, plates and shells  
–  w/wo rotational DOF  

•  Solid and structural mechanics 
–  Inf-sup stable spaces   

•  Nearly-incompressible elasticity  

•  Plasticity 

–  Gradient damage models 

–  Contact, sliding w/wo friction  

•  Fluid mechanics and FSI 

•  Biomedical applications  

•  Phase-field methods  
–  Navier-Stokes-Korteweg equations 

–  Fracture 

•  Shape and topology optimization 

•  Integration of modeling and analysis tools  
–  Analysis-suitable surface descriptions,  

      w/wo trim  

–  Analysis-suitable volume parameterizations 

      from CAD surfaces  

•  Design 

Research Progress: 
 

•  Spline spaces 
–  B-splines, NURBS 

–  Subdivision 

–  T-splines, LR B-splines 

–  Hierarchically refined splines 

–  Generalized splines 

•  Efficient local refinement methods 

•  Efficient quadrature  

•  Collocation 

•  Approximation theory!
–  Functional analysis 

•  h,p,k  error estimation 

–  Spectral analysis 

–  Kolmogorov n-widths 

–  Adaptivity  

•  Structure preserving methods 
–  Electromagnetics 

–  Navier-Stokes equations 

•  Immersed boundary methods 

•  Numerical linear algebra 
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Nonlocal and Gradient-enhanced 
Damage-elastic Materials 

   

The Caucy stress is assumed related to the infinitesimal strain tensor 
by the damage-elastic Hooke's law,

σ ij = 1−ω κ( )( )Cijklεkl

where  ω ∈[0,1]  is the damage parameter and  κ   is a history parameter.

Constitutive equation 

Nonlocal Strain Representation 

    

Nonlocality is introduced by defining a nonlocal equivalent strain,

η(x) =
g

y∈Ω∫ (x,y )η(y )dy

g
y∈Ω∫ (x,y )dy

The weighting function is defined by

g(x,y ) = exp −‖x − y‖2

2ℓc
2

⎛

⎝⎜
⎞

⎠⎟

Problem:  Dense coefficient matrices

Implicit Gradient Enhancement 

    
Ldη ≈ η(x) − 1

2
ℓc

2 ∂2η
∂xi

2 (x) + 1
8
ℓc

4 ∂4η
∂xi

2∂xj
2 (x) − 1

48
ℓc

6 ∂6η
∂xi

2∂xj
2∂xk

2 (x) +…= η(x).

Nonlocal equivalent strain can be approximated by 
implicit gradient enhancement: 

Fourth- and sixth-order derivatives pose significant 
implementational problems for C0-continuous finite 
elements.  
 
Solution:  C2-continuous T-splines. 

Three Point Bending Problem 

Three Point Bending Three Point Bending 
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•  Boundary element methods 

•  Rods and beams, plates and shells  
–  w/wo rotational DOF  

•  Solid and structural mechanics 
–  Inf-sup stable spaces   

•  Nearly-incompressible elasticity  

•  Plasticity 

–  Gradient damage models 

–  Contact, sliding w/wo friction  

•  Fluid mechanics and FSI 

•  Biomedical applications  

•  Phase-field methods  
–  Navier-Stokes-Korteweg equations 

–  Fracture 

•  Shape and topology optimization 

•  Integration of modeling and analysis tools  
–  Analysis-suitable surface descriptions,  

      w/wo trim  

–  Analysis-suitable volume parameterizations 

      from CAD surfaces  

•  Design 

Research Progress: 
 

•  Spline spaces 
–  B-splines, NURBS 

–  Subdivision 

–  T-splines, LR B-splines 

–  Hierarchically refined splines 

–  Generalized splines 

•  Efficient local refinement methods 

•  Efficient quadrature  

•  Collocation 

•  Approximation theory!
–  Functional analysis 

•  h,p,k  error estimation 

–  Spectral analysis 

–  Kolmogorov n-widths 

–  Adaptivity  

•  Structure preserving methods 
–  Electromagnetics 

–  Navier-Stokes equations 

•  Immersed boundary methods 

•  Numerical linear algebra 

Phase-field Modeling in Fracture: Outline 

•  Phase-field concept 
– Attributes 

•  Brittle fracture 
– Second-order theory 
– Fourth-order theory  

•  Isogeometric Analysis 
– Stress degradation function: g(c)  

•  Quadratic 
•  Cubic  

•  Ductile fracture 
– Yield surface degradation function: gp(c)  

•  Conclusions 

 

c = 1 ⇒ undamaged material
0 < c < 1 ⇒ damaged material
c = 0 ⇒ cracked material

⎧
⎨
⎪

⎩⎪

Phase-field Models 

– Enables solving fracture mechanics problems 
with PDEs 

c = 1

0 < c < 1

c = 0

   20

Brittle Fracture 

M.J. Borden, C.V. Verhoosel, M.A. Scott, T.J.R. Hughes, and C.M. Landis, “A 
phase-field description of dynamic brittle fracture,” Computer Methods in 
Applied Mechanics and Engineering, Vol’s. 217-220, (1 April 2012) 77-95. 
  
M.J. Borden, T.J.R. Hughes, C.M. Landis, and C.V. Verhoosel, “A higher-
order phase-field model for brittle fracture: Formulation and analysis within 
the isogeometric analysis framework,” Computer Methods in Applied 
Mechanics and Engineering, Vol. 273, (1 May 2014) 100-118. 
 
M.J. Borden, T.J.R. Hughes, C.M. Landis, A. Anvari, and I.J. Lee, “A phase-
field formulation for fracture in ductile materials: Finite deformation balance 
law derivation, plastic degradation, and stress triaxiality effects,” submitted to 
Computer Methods in Applied Mechanics and Engineering, to appear.  ICES 
Report 16-15, June 13, 2016. 
https://www.ices.utexas.edu/media/reports/2016/1615.pdf 
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Second-order Theory for Brittle Fracture 
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∫ dΩ,  2nd-order PDE theory

Bourdin-Francfort-Marigo, Miehe, ...

⎧

⎨

⎪
⎪

⎩

⎪
⎪

Ω
∫

c = phase-field parameter: c ∈[0,1]

g(c) = degradation function (typically quadratic, c2)
ℓ0 = length scale parameter

ψ +,ψ − = "tensile" and "compressive" contributions

Strong Form 
Free energy: ψ = g(c)ψ +(ε) +ψ −(ε) +GcΓc,n

Stress: σ = g(c)
∂
∂ε ij

ψ +(ε) + ∂
∂ε ij

ψ −(ε)

Linear Momentum: div σ + ρb = ρu

Phase-field: 2nd order:
20 ′g (c)ψ +

Gc

+ c − 40
2Δc = 1

Strong Form 
Free energy: ψ = g(c)ψ +(ε) +ψ −(ε) +GcΓc,n

Stress: σ = g(c)
∂
∂ε ij

ψ +(ε) + ∂
∂ε ij

ψ −(ε)

Linear Momentum: div σ + ρb = ρu

Phase-field: 2nd order:
20 ′g (c)ψ +

Gc

+ c − 40
2Δc = 1

The main attributes of the phase-field approach are  
simplicity and generality 

Quasi-static Single Notch in Tension 

Geometry & BCs 
T-Spline Mesh 1 

!

  

Local T-spline refinement:
1370 cubic functions

hmin = 3.906 ×10−3mm

hmax = 1.25 ×10−1mm

ε = 7.5 ×10−3mm
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Single Notch in Tension 

  u = 5.7 ×10−3mm

  u = 5.9 ×10−3mm

  u = 6.0 ×10−3mm
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Quasi-static Single Notch in “Shear” 

Geometry & BCs T-Spline 

  

Local T-spline refinement:
5587 cubic functions

hmin = 3.906 ×10−3mm

hmax = 6.25 ×10−2mm

ε = 7.5 ×10−3mm

!

Single Notch in “Shear” 

  u = 9.0 ×10−3mm
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  u = 13.4 ×10−3mm
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For ℓ0 > 0, phase field has a cohesive zone model interpretation,  

  and as  ℓ0 → 0, cohesive stresses converge to LEFM stresses.
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Dynamic Crack Branching 
�

100#mm

50#mm40
#m
m

Stress Wave Induced Branching 

   

h = 1.25 ×10−4  m
0 = 2.5 ×10−4  m
σ = 2.3 MPa

Uniform B-spline mesh 

Stress Wave Induced Branching 

10 x actual 

10 x actual 

Stress Wave Induced Branching 

   

h = 1.25 ×10−4  m
0 = 2.5 ×10−4  m
σ = 2.3 MPa

Uniform B-spline mesh 
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Stress Wave Induced Branching 

   

h = 1.25 ×10−4  m
0 = 2.5 ×10−4  m
σ = 2.3 MPa

Uniform B-spline mesh 

Pressurized Cylinder with Volumetric 
Elements 

  Hydrostatic internal pressure:  p = 50t  MPa
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•  Local adaptively refined mesh
•  862,100 control points

Pressurized Cylinder with Volumetric 
Elements 

 

T-spline discretization:

•  Midsurface built in CAD software (Rhino)
•  Thickened with 8 quadratic elements 

        through thickness
•  Cubic basis in other directions

Pressurized Cylinder with Volumetric 
Elements 

Three-Dimensional Crack Profile Kalthoff and Winkler Experiment 
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Kalthoff and Winkler Experiment 
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Constant ε Local Refinement 

 17,755 Funcs  19,992 Funcs  27,032 Funcs  47,824 Funcs

 589 Elems  2,001 Elems  6,257 Elems  1,446 Elems

Total Number of Functions 

Mesh Const ε/h Global Const ε Local 
1 17,755 17,755 
2 68,251 19,992 
3 267,547 27,032 
4 1,059,355 47,824 
5 –––––––– 53,032 

Energy Convergence 
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c2ψ +(γ ) +ψ −(γ ){ }dΩ

Ω
∫

  
Gc

(1− c)2

4ε
+ ε ∇c

2⎛

⎝⎜
⎞

⎠⎟Ω
∫ dΩ

Dynamic Crack Branching 
�

100#mm

50#mm40
#m
m

Dynamic Crack Branching: 
Mesh Refinement 

  

Mesh 1:
h = 2.5 ×10−4  m

  

Mesh 2:
h = 1.25 ×10−4  m

  

Mesh 3:
h = 6.25 ×10−5  m
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Crack Tip Velocity 

  

Rayleigh wave speed:
vR = cSvR

where

2−vR
2( )2

= 4 1−vR
2 1− χvR

2

χ =
cS

2

cD
2

cD =
2µ 1−ν( )
ρ 1− 2ν( )      (dilatation)

cS = µ
ρ

                  (shear)

  

The Yoffe limit estimates that cracks will
branch at tip velocities of 0.6cS

Experimental results show that crack tip
velocities are typically below 0.5vR

vR

0.6cS (Yoffe)
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Crack 
branching

0.5vR

Crack Tip Velocity 

  ℓ0 = 2.5 ×10−4  m

Phase-Field Models for Fracture:  So Far 

•  No interface tracking (robust numerical implementations) 
•  Automatically handles nucleation, propagation, 

branching… 

•  Captures complex evolving crack topologies 
•  Agreement with LEFM and experimental results 
•  Higher-order convergence ??? 

c(x)

x

1
�

Second-order Theory 

   

Surface energy: GcΓc,2 dΩ
Ω
∫ = Gc

1− c( )2

4ℓ0

+ ℓ0 ∇c
2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟Ω

∫ dΩ

Euler equation: c(x)−1⎡⎣ ⎤⎦ − 4ℓ0
2 ′′c (x) = 0

Phase-field: c(x) = 1− e− x 2ℓ0

Approximation: GcΓc,2(c)dΩ = Gc dΓ
Γ
∫

Ω
∫

Potential Energy Approximation: 
Second- and Fourth-order Theories 

   

Ψ = ψ eΩ∫ (ε)dΩ + GcΓ∫ dΓ

Can be approximated by:

!Ψ = g(c)ψ +(ε)+ψ −(ε){ }dΩ +

Gc

(1− c)2

4ℓ0

+ ℓ0 ∇c
2⎛

⎝⎜
⎞

⎠⎟Ω
∫ dΩ 2nd order

Gc

(1− c)2

4ℓ0

+
ℓ0

2
∇c

2
+
ℓ0

3

4
Δc

2⎛

⎝⎜
⎞

⎠⎟Ω
∫ dΩ 4th order

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

Ω
∫

c = phase field parameter: c ∈[0,1]

g(c) = degradation function (typically quadratic, c2)
ℓ0 = length scale parameter

ψ +,ψ − = "tensile" and "compressive" contributions

M. Borden, T.J.R. Hughes, C. Landis, C. Verhoosel, 2014 

c(x)

x
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Fourth-order Theory 

   

Surface energy: GcΓc,4 dΩ
Ω
∫ = Gc

Ω
∫

1− c( )2

4ℓ0

+
ℓ0

2
∇c

2
+
ℓ0

3

4
Δc

2
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

dΩ

Euler equation: c(x)−1⎡⎣ ⎤⎦ − 2ℓ0
2 ′′c (x)+ ℓ0

4c (4)(x) = 0

Phase-field: c(x) = 1− e− x ℓ0 1+
x
ℓ0

⎛

⎝
⎜

⎞

⎠
⎟

Approximation: GcΓc,4(c)dΩ = Gc dΓ
Γ
∫

Ω
∫
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Comparison 

c(x)

x

1
�

c(x)

x

1
�

2nd order 4th order 

Additional smoothness provides 
potential for higher-order accuracy 
because of solution regularity 

   

Gc

1− c( )2

40

+ 0 ∇c
2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟Ω

∫ dΩ

   

Gc
Ω
∫

1− c( )2

40

+
0

2
∇c

2
+
0

3

4
Δc

2
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

dΩ

Quadratic Basis Functions 
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C1 B-splines 

C0 finite elements  

1D Analysis 

u0

100-100 0
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Strain Energy Error  
 

2nd$order
4th$order
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dx

ΨSE  provides a measure of the accuracy of stresses

Surface Energy Error 

Er
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2nd.order

4th.order

Error = !Ψc −1, where Gc = 1

! 

u

u

100

100

x

Double Cantilever Beam 

   

Given:
Δu = u − u0

Gc = 0.01

Compute:
!Ψc = GcΓc,n dx∫
Δ !Ψc = !Ψc u( )− !Ψc u0( )
Δa =  change in crack length

Gc
eff =

Δ !Ψc

Δa

Small changes in u create small change in a.
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Double Cantilever Beam 

   

•   C1- continuous quadratic 
         B-splines

•   Hierarchical local refinement

•   ℓ0 = 0.5

   

hmin Gc
eff Diff.

Conv.
rate

Gc
eff −Gc

Gc

0 2 0.01256 0.256

0 4 0.01128 0.00128 0.128

0 8 0.01063 0.00065 0.98 0.063

0 16 0.01030 0.00033 0.98 0.030

0 2 0.01107 0.107

0 4 0.01020 0.00087 0.020

0 8 0.01001 0.00019 2.19 0.001

0 16 0.00998 0.00003 2.66 −0.002

Double Cantilever Beam: 
Effective Fracture Energy Error 
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Double Cantilever Beam:  
Phase-Field vs. LEFM 

   hmin = 0.0625

LEFM
2nd Order
Phase-Field
4th Order
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Double Cantilever Beam:  
Phase-Field vs. LEFM 

   hmin = 0.0625

Double Cantilever Beam: Phase-Field 
Second- and Fourth-order Theories 

Quadratic Stress Degradation Function 

g : [0,1]→ [0,1] increasing, lower semi-continuous

Conditions:

i g(0) = 0, g(1) = 1

i g(c) > 0 for c ≠ 0

i ′g (0) = 0

i ′g (1) > 0
  g(c) = c2

0

1

0
1

c

g(c)
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Strain

S
tre
ss

1D Homogenous Stress-Strain Curve 

   
εcrit =

Gc

60E

   
σ crit =

9
16

EGc

60

   
σ = Eε

40E
2Gc

ε( )2
+1

⎡

⎣
⎢

⎤

⎦
⎥

−2

Significant accumulation of elastic 
strain energy before reaching 
critical strain, and slow drop off 
thereafter. 

Cubic Stress Degradation Function 
g : [0,1]→ [0,1] increasing, lower semicontinuous

Conditions:

i g(0) = 0, g(1) = 1

i g(c) > 0 for c ≠ 0

i ′g (0) = 0

i ′g (1) > 0
0

1

0
1

c

g(c)

s

  
g(c) = s c3 − c2( ) + 3c2 − 2c3, where ′g (1) = s

Cubic Stress Degradation Function 

  

For ε < εcrit  we have

      lim
s→0

σ (ε) = Eε

⇒  Linear stress-strain up to εcrit

Strain

St
re
ss

Cubic
Quadratic

   
εcrit =

Gc

60E

  (s = 10−4) σ crit

  Same ℓ0

Strain

1

c

Cubic
Quadratic

Cubic Stress Degradation Function 

   
εcrit =

Gc

60E

  (s = 10−4)

  
lim
s→0

ccrit = 1

Double Cantilever Beam: Phase-Field 
Second- and Fourth-order Theories 

Quadratic degradation Cubic degradation 

Dynamic Crack Branching 

2nd-Order formulation 
Quadratic degradation  

4th-Order formulation 
Cubic degradation  

The mesh, BCs, and material parameters are the same for both problems. 
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3D Mesh with Randomly Distributed 
Nucleation Sites 

Height: 0.01 m
Width:  0.01 m
Depth: 0.005 m

E = 190 GPa
ν = 0.3
ρ = 8000 kg/m3

Gc = 2.213 ×104  J/m2

0 = 2h = 6.25 ×10−5  m
16,348,000 elements
4th-order phase field theory
C1-continuous B-splines

Ductile Fracture 

Plastic Work Contribution  
to Crack Growth 

   

Plastic work contributes to crack growth through the history functional

H(ψ +,wp ) = βe max
τ∈(0, t )

(ψ + )+ βpwp

wp =  plastic work

βe ≥ 0, controls contribution from elastic strain energy

βp ≥ 0, controls contribution from plastic work

Phase-field:

2nd order:
2ℓ0 ′g (c)H(ψ +,wp )

Gc

+ c − 4ℓ0
2Δc = 1

4th order:
2ℓ0 ′g (c)H(ψ +,wp )

Gc

+ c − 2ℓ0
2Δc + ℓ0

4Δ2c = 1

⎧
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Constitutive Response 

  

βe = 1.0, βp = 0.0

βe = 1.0, βp = 1.0

βe = 0.0, βp = 0.0

Quadratic degradation function 

Plastic strain saturates  

No fracture 

Elastic-Plastic Constitutive Theory: 
Yield Surface Degradation 

   

Plastic Work Threshold:  H(ψ +,wp ) = βe max
τ∈(0, t )

(ψ + )+ βpwp

Cauchy stress: σ = g(c)σ +(ε e )+σ −(ε e )

Stress deviator: s = devσ
J

Yield function: f s,α( ) = s − gp(c) 2 3 αK +σ y( )⎡
⎣

⎤
⎦

Yield surface 
degradation function 

Elastic-Plastic Constitutive Theory: 
Yield Surface Degradation 

   

Plastic Work Threshold: H(ψ +,wp ) = βe max
τ∈(0, t )

(ψ + )+ βp wp −w0

Cauchy stress: σ = g(c)σ +(ε e )+σ −(ε e )

Stress deviator: s = devσ
J

Yield function: f s,α( ) = s − gp(c) 2 3 αK +σ y( )⎡
⎣

⎤
⎦

Yield surface 
degradation function 

Plastic work threshold 
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Total Strain

Constitutive Response: gp(c) = g(c)     

Initial yield stress is reduced due to 
accumulated elastic damage induced by 
quadratic degradation function prior to 
reaching critical stress 

Reduced strain hardening due to  
gp(c) = g(c) induced contraction  
of yield surface  

Constitutive Response: gp(c) = g(c)  
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Elastic and plastic strains are  
the same as the “no fracture” 
case for all w0. 

Plastic strain dominates  

Elastic strain 

Cubic Stress Degradation Function 

Strain
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Cubic
Quadratic

   

Same σ c

(different ℓ0)
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Constitutive Response: gp(c) = g(c)  
Initial yield stress is preserved by 
cubic degradation function due to 
negligible accumulation of elastic 
damage before reaching critical stress 

Contraction of yield surface occurs  
due to rapid accumulation of damage 
after reaching critical stress 

Faster drop off 

Constitutive Response: gp(c) = g(c)  

 
Elastic and plastic strains are  
the same as the “no fracture” 
case for all w0. 

Plastic strain dominates  
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Tension Test 

   

Material properties (elasic/plastic):

E = 68.8 GPa
ν = 0.33

ρ0 = 2700 kg/m3

σ y = 320 MPa

K = 688 MPa

Gc = 60 ×103  J/m2

ℓ0 = 3.226 ×10−4  m

hmin = 1.48 ×10−4  m

25.4

152.4
R4.06

t = 2.37

 All dimensions in mm



8/29/16 

88 

Tension Test Mesh 
Quadratic multipatch NURBS: exact geometry 
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Tension Test Results 

  

 
For all cases:
Quadratic g(c),  
gp(c) = g(c),

βp = βp = 1.0,

except where noted. 

  
βe = βp = 0

Circular Plate Subject to Impulse Load 
Reaction 
Frame 

Charge 

Test 
Plate 

Figures from K.G. Webster, Investigation of Close Proximity Underwater  
Explosion Effects on a Ship-Like Structure Using the Multi-Material Arbitrary  
Lagrangian Eulerian Finite Element Method, Master’s Thesis, Virginia Polytechnic 
Institute and State University, 2007. 

Pressure Impulse Load 

 p = g × pt

Temporal impulse Radial Gaussian distribution 
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Geometry and Boundary Conditions 
Displacement Boundary Conditions 

!

"
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Clamped BC:  No displacement in  
any direction on outer ring 

!

"

#$!"!#

Sliding BC:  No displacement on  
outer ring in z-direction 



8/29/16 

89 

Comparison of BCs 

Sliding Clamped 

Comparison of BCs 

Sliding Clamped 

“Everything should be made as simple as possible, but not simpler.”  A. Einstein (?) 

Circular Plate Geometry 

Multi-patch quadratic NURBS 
model includes bolts and washers.  
 
 
Reaction frame modeled with 
penalty in negative z-direction 
 
 
Second-order theory 
 
Quadratic degradation function 
 

  

βe = 1.0, βp = 0.0

gp(c) = 1.0

Circular Plate Mesh 
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Conclusions 
•  Phase-field description of fracture automatically 

handles nucleation, propagation, branching… 
•  Fourth-order phase-field theory attains higher-

order rates of convergence and improves stress 
and surface energy approximation 

•  Isogeometric analysis provides efficient 
framework for computing with higher-order 
phase-field theories 

c(x)

x

1
�

c(x)

x

1
�

Conclusions 
•  Cubic stress degradation function provides better 

representation of brittle fracture 
•  Initial results for ductile fracture with phase-field 

models are encouraging 
•  Current development of ductile models involve:  

–  Hyperelastic/plastic constitutive theory 
–  Tensile/compressive split 
–  Degradation functions:  

•  g(c), gp(c) 
–  Form of the history function H  
–  Triaxiality 
–  Values of βe and βp 

–  Experiments! 
  

Strain

St
re

ss

No fracture

Quadratic
Cubic

Some open IGA problems  
I would like to see solved: 

  1.  Eliminate outliers 
  2.  Fix extraordinary points 
  3.  Algorithm to automatically generate analysis-suitable surface splines 
  4.  Algorithm to automatically generate analysis-suitable volumetric splines 
  5.  Algorithm to determine optimal quadrature rules for unstructured splines 
spaces 
  6.  Automatic construction of untrimmed, smooth spaces from trimmed 

 NURBS  
  7.  Inf-sup stable spline spaces for incompressible problems (i.e., ︎

 mappings, not vector fields) 
  8.  Approximation results for immersed (i.e., trimmed) spline formulations 
  9.  Prove gamma convergence for fourth-order phase-field theory 
10.  Construct spline spaces that solve the membrane-bending locking 

 problem 
11.  General mathematical theory of collocation 

✔ 

✔ 

Isogeometric Analysis:  Summary  
•  One of the most active areas of FEA and CAGD research 
 
•  Overarching goal:  Improve engineering product design 
     
•  Focus so far:  The design-through-analysis process 

•  “Better, faster, cheaper” 
–  Improve quality of analysis  
–  Expedite analysis model development  
–  Faster analysis  
–  Decrease cost 

Isogeometric Analysis:  Summary  
•  One of the most active areas of FEA and CAGD research 
 
•  Overarching goal:  Improve engineering product design 
     
•  Focus so far:  The design-through-analysis process 

•  “Better, faster, cheaper” 
–  Improve quality of analysis  
–  Expedite analysis model development  
–  Faster analysis  
–  Decrease cost 

•  A fruitful, promising and growing area of research 

•  Gaining traction in industry 
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New ideas 
Whenever you try to introduce something new, you will get 
resistance.  50 years ago resistance to FEA was ferocious. 
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New ideas 
Whenever you try to introduce something new, you will get 
resistance.  50 years ago resistance to FEA was ferocious. 
 
Arthur C. Clarke – New ideas pass through three periods:
 

1) It can't be done. 


2) It probably can be done, but it's not worth doing.
 

3) I knew it was a good idea all along!




